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3D	  MHD	  brings	  together	  tokamaks	  and	  stellarators	  

Tokamak	  non-‐axisymmetric	  designs	  	  

(magneTc	  ripple,	  resonant	  magneTc	  perturbaTons,…)	  

Tokamak	  MHD	  helical	  modes	  and	  bifurca;ons	  	  

(saturated	  internal	  kink,	  sawteeth)	  

Stellarator	  three-‐dimensional	  topology	  

2	  



Ø  Singular  current  densities  (current  sheets)  are  predicted  to  form  at  

rational  surfaces  in  3D  ideal-‐‑MHD  equlibria  with  nested  surfaces.	
                  	

Ø  Non-‐‑ideal  effects  allow  plasma  relaxation  towards  lower-‐‑energy  states:      	

          an  intricate  combination  of  flux-‐‑surfaces,  magnetic  islands,  and  chaos.  	

3	  

ComputaTonal	  3D	  MHD	  is	  a	  numerical	  challenge	  

General,  outstanding  question:	
	
How  to  compute  the  equilibrium  magnetic  field  that  is  consistent  with  the	
established  equilibrium  pressure  profile?	



On	  the	  menu	  today	  
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On  the  importance  of  3D  ideal-‐‑MHD  	

What  is  the  origin  and  physical  meaning  of  singular  currents?  	

Can  these  be  computed  numerically?  	

Are  there  equilibria  with  nested  resonant  surfaces  and  smooth  pressure?	

What  are  the  implications  for  external  resonant  fields?	

What  are  the  implications  for  internal  kink  theory?	

	

On  partially  relaxed  3D  MHD  equilibria	

How  to  compute  general  stellarator  equilbria?  	

Can  we  predict  the  beta  limit?	



Current	  sheets	  in	  fusion	  and	  astrophysical	  plasmas	  
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Current  sheets  are  predicted  to  form  in  3D  ideal-‐‑MHD  equlibria…	
                  	

…in  the  solar  corona,  where  ideal  

plasma  convection  on  the  surface  

produces  field  entanglement.	
[Parker,  1972]	

…in   toroidally   confined   plasmas,  

where  ideal  kink  instabilities  bring  

the  plasma  to  resonant  3D  states.	
[Rosenbluth,  1973]	
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6	  

nested  	
surfaces	

magnetic  	
differential  equation	

Singular	  current	  densiTes	  come	  in	  two	  flavours	  
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Ø                                                is  not  the  current,  but  the  current  density  [A/m2]  .	
	

Ø  Physically-‐‑valid  equilibrium  if  the  current                                                  across	

          any  surface  is  finite  (weak  formulation  of  the  problem).	
	

Ø  Problem:  Pfirsch-‐‑Schlüter  current  diverges  across  certain  surfaces.	

Ø  Historical   conclusion:   pressure   gradients   cannot   be   supported   at  

resonant  rationals  and  thus  pressure  is  either  fractal  or  stepped.	
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3

[H.	  Grad,	  1967]	  	  

Existence	  of	  3D	  ideal-‐MHD	  equilibria?	  
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Existence	  of	  3D	  ideal-‐MHD	  equilibria?	  

[Bruno	  and	  Laurence,	  1996]	  	  

[…]	  
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Existence	  of	  3D	  ideal-‐MHD	  equilibria?	  

Are  there  3D  MHD  equilibria  with  nested  surfaces  &  smooth  pressure?	

How  to  compute  3D  ideal  equilibria  with  current  sheets?	



Ideal  MHD	Taylor’s  theory  	
        	

MRxMHD	
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Helicity	  is	  conserved	  globally	   Helicity	  is	  conserved	  discretely	   Helicity	  is	  conserved	  locally	  

10	  

N	  –>	  ∞	  

[Dennis,	  2013]	  

MulTregion	  Relaxed	  MHD	  

N	  =	  1	  
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, ◆-

+
l

, ◆-

�
l

(42)

l = 1, 2, ...N (43)

3

ψ	  

ψ	  

ι	  	  

p	  	  

Stepped-‐Pressure	  Equilibrium	  Code	  (SPEC)	  

SPEC  runs  in  different  geometries	

11	  

Input	
	
Boundary  geometry	

    +	
        Two  profiles	

Output	
	
B-‐‑field  in  each  volume	

+	
Shape  of  KAM  surfaces	
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Stepped-‐Pressure	  Equilibrium	  Code	  (SPEC)	  

HELICAL	  STATES	  IN	  RFP	   [Dennis	  et	  al,	  PRL,	  2013]	  

Magnetic  island  at  	
q  =  2  rational  surface	

RMP	  IN	  DIII-‐D	   [Hudson	  et	  al,	  PoP,	  2012]	  

NON-‐AXISYMMETRIC	  IDEAL	  MHD	  AXISYMMETRIC	  IDEAL	  MHD	  

VMEC	

SPEC  (N  =  16)	

[Hudson	  et	  al,	  PoP,	  2012]	  
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[Loizu	  et	  al,	  PoP,	  2015]	  
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m=1,	  n=1	  perturbaTon:	  ξ11/a	  =	  10-‐2	  

R	  

Z	  

[[Bθ]]n=1,m=1	  ≠	  0	  

Complete	  shielding	  requires	  disconTnuous	  transform	  

ι	  	  

ι	  =	  1	  	  

ι	  	  

ι	  =	  1	  	  



A	  new	  class	  of	  3D	  MHD	  equilibria	  

Ø  Consider  equilibria  with  discontinuous  transform  across  resonances.	

Ø  This  class  of  equilbria  allows  for	

Ø  Nested  surfaces	

Ø  Arbitrary  3D  geometry	

Ø  Arbitrary  continuous  and  smooth  pressure	

Ø  Integrable  current  sheets	

	

Ø  This   class   of   ideal-‐‑MHD   states   may   be   accessed   when   island-‐‑healing  

mechanisms  are  at  play.  [BhaNacharjee	  PoP	  1995,	  Hegna	  PoP	  2012]	  

[Loizu	  et	  al,	  Phys	  Plasmas	  22	  090704,	  2015]	  

14	  



ApplicaTon:	  resonant	  magneTc	  perturbaTons	  	  

Ø  Consider  a  screw-‐‑pinch  axisymmetric  equilibrium:	

Ø  Choose  equilibrium  profiles:	

r	  

ι	  	  

ιs	  =	  1/2	  	  

rs=a/2	  

Δι	  	  

r	  

p	  	  

Ø  Outstanding  question:  what  is  the  ideal  response	

            to  a  resonant  boundary  perturbation  ?	

[Turnbull	  et	  al,	  PoP	  2013;	  Reiman	  et	  al,	  NF	  2015]	  
15	  



Ideal	  linear	  response	  to	  an	  RMP	  at	  β	  =	  0	  

Ø  Perturbed  equilibrium  satisfies:	

Ø  Reduces  to  Newcomb  equation:	

Ø  Sine  qua  non  condition  for  the  existence  of  equilibria:  	

Ø  Implies  minimum  current  sheet:	
16	  

2

B. Linear response to an RMP

The linear plasma displacement,

⇠ = ⇠r
er + ⇠✓

e✓ + ⇠z
ez , (2)

induced by a non-axisymmetric, radial perturbation with
a single Fourier harmonic,

⇠r(r = a, ✓, z) = ⇠a cos (m✓ + kz) , (3)

to the boundary satisfies the linearized force-balance
equation,

�j[⇠]⇥B0 + j⇥ �B[⇠] = 0 , (4)

where B0 is the equilibrium magnetic field and the
linear, ‘ideal’ perturbation to the magnetic field is
�B[⇠] ⌘ r⇥ (⇠ ⇥B0), and �j[⇠] ⌘ r ⇥ �B[⇠]. This re-
duces to Newcomb’s equation [6],

d

dr

✓
f

d⇠

dr

◆
� g⇠ = 0, (5)

where ⇠r ⌘ ⇠(r) cos (m✓ + kz). The functions f(r) and
g(r) are determined by the equilibrium,

f = B2
z(◆-� ◆-s)2k̄r2 , (6)

g =
f

r2
(k2r2 + m2 � 1) + B2

z(◆-2s � ◆-2)2k̄2◆-2sr , (7)

where k = �n/R, ◆-s = n/m, and k̄ = r/(R2 + r2◆-2s).
Figure 1 shows the result of numerical integration of

Eq. (5) for an m = 2, n = 1 perturbation and for dif-
ferent values of �◆-. The linear radial displacement is
continuous and smooth provided �◆- > 0, i.e. provided
that there is a DC current sheet. However, for a contin-
uous ◆-(r) that contains the resonance, ◆- = ◆-s, Newcomb’s
equation is singular and the solution that is regular at
the origin is ⇠(r < rs) = 0 and ⇠(r � rs) 6= 0, i.e. the ra-
dial displacement is discontinuous. This class of solutions
is obtained by the linearly-perturbed, ideal equilibrium
codes that are used to study non-axisymmetric boundary
perturbations in tokamaks [7–9] and stellarators [10].

A discontinuous plasma displacement is inconsistent
with the assumption of nested flux-surfaces: in fact, mag-
netic surfaces overlap if the displacement anywhere has
|d⇠/dr| > 1. As can be inferred from Fig. 1, there must
be a critical value for the magnitude of the DC current
sheet above which |d⇠/dr| < 1 and thus for which the
solution is consistent. An expression for the gradient of
the displacement at the resonant surface was estimated
analytically in Ref. [5],

|⇠0s| = 2◆-0s
⇠s

�◆-
(8)

where ⇠s ⌘ ⇠(rs) and ◆-0s is the shear around the resonant
surface. Equation (8) can be obtained by studying the
asymptotics of Eq. (5) for small values of x = |(◆-�◆-s)/◆-0s|.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

r / a

j/
j a

FIG. 1: Solutions of Eq. (5) for an m = 2, n = 1 bound-
ary perturbation and for �◆- = 4 ⇥ 10�2

, 10�2
, 10�3, and the

singular case �◆- = 0 (discontinuous curve). Colours merely
indicate the inner (r < rs, blue) and outer (r > rs, red) parts
of the solution.

Since ⇠s scales with ⇠a, we see that ⇠0s is proportional
to the boundary perturbation and inversely proportional
to �◆-. The sine qua non condition for the existence of
equilibria is |⇠0|  1, which translates into �◆- � �◆-min,
where

�◆-min = 2◆-0s⇠s . (9)

The continuous transform limit becomes a consistent so-
lution as �◆-min ! 0, i.e. for infinitesimally small per-
turbation or infinitesimally small shear.

This analysis is linear and a priori limited to small
boundary perturbations, ⇠a/a ⌧ 1; however, the pre-
diction remains valid for the nonlinear calculations, as
shown in Ref. [5].

We would like to note that even for a small, local
change in the transform profile, i.e. a small jump �◆-,
the global solution is significantly di↵erent and the dis-
placement penetrates inside the resonant surface all the
way to the origin.

C. Structure of the current sheets

In general, a current sheet is present on a given flux
surface if there exists a magnetic field discontinuity across
this surface, [[B]] ⌘ B

+ �B

� 6= 0. In fact, by virtue of
Ampère’s law, j = r⇥B, this current sheet is given by

j = [[B]]⇥ n̂ �(x� xs) (10)

where n̂ is the unit vector normal to the surface and xs

parametrizes points on the surface. We remark that j is
strictly speaking a current density and that any physi-
cally valid current density must be integrable, so that the
total current is finite. This is the case of Eq. (10).

3

In the system under consideration, namely a perturbed
screw-pinch equilibrium, a discontinuity is present in the
equilibrium field, B0, and in the perturbed field, �B.
The former gives rise to an axisymmetric or DC cur-
rent sheet, while the latter produces a non-axisymmetric
current sheet with a helicity corresponding to the reso-
nant mode numbers. The fact that [[B0]] 6= 0 is a conse-
quence of the discontinuous rotational transform defining
the equilibrium. The reason for [[�B]] 6= 0 is less obvious.
The general expressions for the three components of the
linearly perturbed field, �B = r⇥(⇠⇥B0), as a function
of the radial displacement, ⇠r = ⇠(r) exp [i(m✓ + kz)], are

�Br =
im

R
Bz(◆-� ◆-s)⇠r (11)

�B✓ = �h1(r)⇠r �
m2

k2r2 + m2

r

R
Bz(◆-� ◆-s)⇠0r (12)

�Bz = �h2(r)⇠r �
krm

k2r2 + m2

r

R
Bz(◆-� ◆-s)⇠0r (13)

where

h1(r) = B0
✓ +

k

k2r2 + m2
(krB✓ + mBz) (14)

h2(r) = B0
z +

Bz

r
� m/r

k2r2 + m2
(krB✓ + mBz) (15)

are defined by the equilibrium. In the particular case of
continuous transform, the solution for ⇠ is discontinuous
at ◆- = ◆-s, thus it follows that [[�B]] 6= 0 from Eqs. (12)
and (13). In the case of discontinuous transform, the
displacement ⇠ is continuous and smooth, but there still is
a jump in �B because the products (◆-�◆-s)⇠r and (◆-�◆-s)⇠0r
are discontinuous. This shows the general existence of a
non-axisymmetric current sheet.

An important question is whether these current sheets
are field-aligned, and if they are, whether they are aligned
with the field on the inside or on the outside of the sur-
face. We first consider the DC current sheet, which is
given by

jDC = [[Bz]]�(r � rs)ˆ✓ � [[B✓]]�(r � rs)ẑ . (16)

The force produced by this current sheet and the equi-
librium magnetic field is

jDC ⇥B

±
0 = ([[B✓]]B±✓ + [[Bz]]B±z )�(r � rs)r̂ (17)

where ± indicates either side of the surface. This force is
non-zero in general, which would seem to contradict the
fact that this is a force-free equilibrium. However, the
sum of the two forces vanishes,

jDC ⇥B

+
0 + jDC ⇥B

�
0 = [[B2

0]]�(r � rs)r̂ = 0 (18)

since the equilibrium satisfies [[B2
0]] = 0 by construction.

This means that the current sheet is not aligned with
either of the fields on each side of the surface, but rather
aligned with the average surface field.

In general, the average j ⇥ B force produced by the
total current sheet and the total magnetic field is also
zero. Using j = [[B]]⇥ n̂�(r � rs), we have that

j⇥ (B+ + B

�) = [[B2]]n̂� (B+ + B

�) · n̂[[B]] = 0 (19)

since both [[B2]] = 0 and B · n̂ = 0 are satisfied. There-
fore, the current sheets are aligned such that the forces
acting on each side of the surface are equal and opposite.

III. IDEAL RESPONSE TO AN RMP AT � > 0

We now consider the ideal response to an RMP in a
screw-pinch with finite pressure and no flow. We show
that even at modest values of � the perturbation can
be significantly amplified and, as a consequence, pene-
trate inside the resonant surface with values exceeding
the boundary perturbation amplitude. The results are
confirmed by linear and nonlinear calculations.

A. Equilibrium

The axisymmetric, ideal-MHD equilibrium in a screw
pinch with finite pressure and no flow satisfies

dp

dr
+

1
2

d

dr

h
B2

z(1 + ◆-2
r2

R2
)
i

+
r◆-2B2

z

R2
= 0 , (20)

and is uniquely determined by the value of the axial
field at the origin, Bz(0), the rotational-transform pro-
file, ◆-(r), the pressure profile, p(r), and the major and
minor radius, R and a. We choose

◆-(r) = ◆-0 � ◆-1(r/a)2 ± �◆-/2 ,

p(r) = p0[1� 2(r/a)2 + (r/a)4] ,

thus a continuous and smooth pressure profile such that
p(0) = p0 and p(a) = 0. The solution for Bz(r) can be
obtained by integrating Eq. (20) and imposing the conti-
nuity of the total pressure, p+B2/2, across the resonant
surface. Since p is continuous, this condition is [[B2]] = 0.

We define � as computed at the origin,

� =
2p(0)
B2

z(0)
(21)

and variations in � will correspond to variations in p(0).

B. Linear response to an RMP

The linearized force-balance equation still reduces to
Newcomb’s equation, Eq. (5), with the functions f(r)
and g(r) given by

f = f |�=0 , (22)

g = g|�=0 + k̄◆-2sr
3p0 , (23)
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B. Linear response to an RMP

The linear plasma displacement,

⇠ = ⇠r
er + ⇠✓

e✓ + ⇠z
ez , (2)

induced by a non-axisymmetric, radial perturbation with
a single Fourier harmonic,

⇠r(r = a, ✓, z) = ⇠a cos (m✓ + kz) , (3)

to the boundary satisfies the linearized force-balance
equation,

�j[⇠]⇥B0 + j⇥ �B[⇠] = 0 , (4)

where B0 is the equilibrium magnetic field and the
linear, ‘ideal’ perturbation to the magnetic field is
�B[⇠] ⌘ r⇥ (⇠ ⇥B0), and �j[⇠] ⌘ r ⇥ �B[⇠]. This re-
duces to Newcomb’s equation [6],

d

dr

✓
f

d⇠

dr

◆
� g⇠ = 0, (5)

where ⇠r ⌘ ⇠(r) cos (m✓ + kz). The functions f(r) and
g(r) are determined by the equilibrium,

f = B2
z(◆-� ◆-s)2k̄r2 , (6)

g =
f

r2
(k2r2 + m2 � 1) + B2

z(◆-2s � ◆-2)2k̄2◆-2sr , (7)

where k = �n/R, ◆-s = n/m, and k̄ = r/(R2 + r2◆-2s).
Figure 1 shows the result of numerical integration of

Eq. (5) for an m = 2, n = 1 perturbation and for dif-
ferent values of �◆-. The linear radial displacement is
continuous and smooth provided �◆- > 0, i.e. provided
that there is a DC current sheet. However, for a contin-
uous ◆-(r) that contains the resonance, ◆- = ◆-s, Newcomb’s
equation is singular and the solution that is regular at
the origin is ⇠(r < rs) = 0 and ⇠(r � rs) 6= 0, i.e. the ra-
dial displacement is discontinuous. This class of solutions
is obtained by the linearly-perturbed, ideal equilibrium
codes that are used to study non-axisymmetric boundary
perturbations in tokamaks [7–9] and stellarators [10].

A discontinuous plasma displacement is inconsistent
with the assumption of nested flux-surfaces: in fact, mag-
netic surfaces overlap if the displacement anywhere has
|d⇠/dr| > 1. As can be inferred from Fig. 1, there must
be a critical value for the magnitude of the DC current
sheet above which |d⇠/dr| < 1 and thus for which the
solution is consistent. An expression for the gradient of
the displacement at the resonant surface was estimated
analytically in Ref. [5],

|⇠0s| = 2◆-0s
⇠s

�◆-
(8)

where ⇠s ⌘ ⇠(rs) and ◆-0s is the shear around the resonant
surface. Equation (8) can be obtained by studying the
asymptotics of Eq. (5) for small values of x = |(◆-�◆-s)/◆-0s|.
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FIG. 1: Solutions of Eq. (5) for an m = 2, n = 1 bound-
ary perturbation and for �◆- = 4 ⇥ 10�2

, 10�2
, 10�3, and the

singular case �◆- = 0 (discontinuous curve). Colours merely
indicate the inner (r < rs, blue) and outer (r > rs, red) parts
of the solution.

Since ⇠s scales with ⇠a, we see that ⇠0s is proportional
to the boundary perturbation and inversely proportional
to �◆-. The sine qua non condition for the existence of
equilibria is |⇠0|  1, which translates into �◆- � �◆-min,
where

�◆-min = 2◆-0s⇠s . (9)

The continuous transform limit becomes a consistent so-
lution as �◆-min ! 0, i.e. for infinitesimally small per-
turbation or infinitesimally small shear.

This analysis is linear and a priori limited to small
boundary perturbations, ⇠a/a ⌧ 1; however, the pre-
diction remains valid for the nonlinear calculations, as
shown in Ref. [5].

We would like to note that even for a small, local
change in the transform profile, i.e. a small jump �◆-,
the global solution is significantly di↵erent and the dis-
placement penetrates inside the resonant surface all the
way to the origin.

C. Structure of the current sheets

In general, a current sheet is present on a given flux
surface if there exists a magnetic field discontinuity across
this surface, [[B]] ⌘ B

+ �B

� 6= 0. In fact, by virtue of
Ampère’s law, j = r⇥B, this current sheet is given by

j = [[B]]⇥ n̂ �(x� xs) (10)

where n̂ is the unit vector normal to the surface and xs

parametrizes points on the surface. We remark that j is
strictly speaking a current density and that any physi-
cally valid current density must be integrable, so that the
total current is finite. This is the case of Eq. (10).
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where k = �n/R, ◆-s = n/m, and k̄ = r/(R2 + r2◆-2s).
Figure 1 shows the result of numerical integration of

Eq. (5) for an m = 2, n = 1 perturbation and for dif-
ferent values of �◆-. The linear radial displacement is
continuous and smooth provided �◆- > 0, i.e. provided
that there is a DC current sheet. However, for a contin-
uous ◆-(r) that contains the resonance, ◆- = ◆-s, Newcomb’s
equation is singular and the solution that is regular at
the origin is ⇠(r < rs) = 0 and ⇠(r � rs) 6= 0, i.e. the ra-
dial displacement is discontinuous. This class of solutions
is obtained by the linearly-perturbed, ideal equilibrium
codes that are used to study non-axisymmetric boundary
perturbations in tokamaks [7–9] and stellarators [10].

A discontinuous plasma displacement is inconsistent
with the assumption of nested flux-surfaces: in fact, mag-
netic surfaces overlap if the displacement anywhere has
|d⇠/dr| > 1. As can be inferred from Fig. 1, there must
be a critical value for the magnitude of the DC current
sheet above which |d⇠/dr| < 1 and thus for which the
solution is consistent. An expression for the gradient of
the displacement at the resonant surface was estimated
analytically in Ref. [5],

|⇠0s| = 2◆-0s
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where ⇠s ⌘ ⇠(rs) and ◆-0s is the shear around the resonant
surface. Equation (8) can be obtained by studying the
asymptotics of Eq. (5) for small values of x = |(◆-�◆-s)/◆-0s|.
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Since ⇠s scales with ⇠a, we see that ⇠0s is proportional
to the boundary perturbation and inversely proportional
to �◆-. The sine qua non condition for the existence of
equilibria is |⇠0|  1, which translates into �◆- � �◆-min,
where

�◆-min = 2◆-0s⇠s . (9)

The continuous transform limit becomes a consistent so-
lution as �◆-min ! 0, i.e. for infinitesimally small per-
turbation or infinitesimally small shear.

This analysis is linear and a priori limited to small
boundary perturbations, ⇠a/a ⌧ 1; however, the pre-
diction remains valid for the nonlinear calculations, as
shown in Ref. [5].

We would like to note that even for a small, local
change in the transform profile, i.e. a small jump �◆-,
the global solution is significantly di↵erent and the dis-
placement penetrates inside the resonant surface all the
way to the origin.

C. Structure of the current sheets

In general, a current sheet is present on a given flux
surface if there exists a magnetic field discontinuity across
this surface, [[B]] ⌘ B

+ �B

� 6= 0. In fact, by virtue of
Ampère’s law, j = r⇥B, this current sheet is given by

j = [[B]]⇥ n̂ �(x� xs) (10)

where n̂ is the unit vector normal to the surface and xs

parametrizes points on the surface. We remark that j is
strictly speaking a current density and that any physi-
cally valid current density must be integrable, so that the
total current is finite. This is the case of Eq. (10).
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B. Linear response to an RMP

The linear plasma displacement,

⇠ = ⇠r
er + ⇠✓

e✓ + ⇠z
ez , (2)

induced by a non-axisymmetric, radial perturbation with
a single Fourier harmonic,

⇠r(r = a, ✓, z) = ⇠a cos (m✓ + kz) , (3)

to the boundary satisfies the linearized force-balance
equation,

�j[⇠]⇥B0 + j⇥ �B[⇠] = 0 , (4)

where B0 is the equilibrium magnetic field and the
linear, ‘ideal’ perturbation to the magnetic field is
�B[⇠] ⌘ r⇥ (⇠ ⇥B0), and �j[⇠] ⌘ r ⇥ �B[⇠]. This re-
duces to Newcomb’s equation [6],
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� g⇠ = 0, (5)

where ⇠r ⌘ ⇠(r) cos (m✓ + kz). The functions f(r) and
g(r) are determined by the equilibrium,

f = B2
z(◆-� ◆-s)2k̄r2 , (6)

g =
f

r2
(k2r2 + m2 � 1) + B2

z(◆-2s � ◆-2)2k̄2◆-2sr , (7)

where k = �n/R, ◆-s = n/m, and k̄ = r/(R2 + r2◆-2s).
Figure 1 shows the result of numerical integration of

Eq. (5) for an m = 2, n = 1 perturbation and for dif-
ferent values of �◆-. The linear radial displacement is
continuous and smooth provided �◆- > 0, i.e. provided
that there is a DC current sheet. However, for a contin-
uous ◆-(r) that contains the resonance, ◆- = ◆-s, Newcomb’s
equation is singular and the solution that is regular at
the origin is ⇠(r < rs) = 0 and ⇠(r � rs) 6= 0, i.e. the ra-
dial displacement is discontinuous. This class of solutions
is obtained by the linearly-perturbed, ideal equilibrium
codes that are used to study non-axisymmetric boundary
perturbations in tokamaks [7–9] and stellarators [10].

A discontinuous plasma displacement is inconsistent
with the assumption of nested flux-surfaces: in fact, mag-
netic surfaces overlap if the displacement anywhere has
|d⇠/dr| > 1. As can be inferred from Fig. 1, there must
be a critical value for the magnitude of the DC current
sheet above which |d⇠/dr| < 1 and thus for which the
solution is consistent. An expression for the gradient of
the displacement at the resonant surface was estimated
analytically in Ref. [5],

|⇠0s| = 2◆-0s
⇠s

�◆-
(8)

where ⇠s ⌘ ⇠(rs) and ◆-0s is the shear around the resonant
surface. Equation (8) can be obtained by studying the
asymptotics of Eq. (5) for small values of x = |(◆-�◆-s)/◆-0s|.
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of the solution.

Since ⇠s scales with ⇠a, we see that ⇠0s is proportional
to the boundary perturbation and inversely proportional
to �◆-. The sine qua non condition for the existence of
equilibria is |⇠0|  1, which translates into �◆- � �◆-min,
where

�◆-min = 2◆-0s⇠s . (9)

The continuous transform limit becomes a consistent so-
lution as �◆-min ! 0, i.e. for infinitesimally small per-
turbation or infinitesimally small shear.

This analysis is linear and a priori limited to small
boundary perturbations, ⇠a/a ⌧ 1; however, the pre-
diction remains valid for the nonlinear calculations, as
shown in Ref. [5].

We would like to note that even for a small, local
change in the transform profile, i.e. a small jump �◆-,
the global solution is significantly di↵erent and the dis-
placement penetrates inside the resonant surface all the
way to the origin.

C. Structure of the current sheets

In general, a current sheet is present on a given flux
surface if there exists a magnetic field discontinuity across
this surface, [[B]] ⌘ B

+ �B

� 6= 0. In fact, by virtue of
Ampère’s law, j = r⇥B, this current sheet is given by

j = [[B]]⇥ n̂ �(x� xs) (10)

where n̂ is the unit vector normal to the surface and xs

parametrizes points on the surface. We remark that j is
strictly speaking a current density and that any physi-
cally valid current density must be integrable, so that the
total current is finite. This is the case of Eq. (10).
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In the system under consideration, namely a perturbed
screw-pinch equilibrium, a discontinuity is present in the
equilibrium field, B0, and in the perturbed field, �B.
The former gives rise to an axisymmetric or DC cur-
rent sheet, while the latter produces a non-axisymmetric
current sheet with a helicity corresponding to the reso-
nant mode numbers. The fact that [[B0]] 6= 0 is a conse-
quence of the discontinuous rotational transform defining
the equilibrium. The reason for [[�B]] 6= 0 is less obvious.
The general expressions for the three components of the
linearly perturbed field, �B = r⇥(⇠⇥B0), as a function
of the radial displacement, ⇠r = ⇠(r) exp [i(m✓ + kz)], are

�Br =
im

R
Bz(◆-� ◆-s)⇠r (11)

�B✓ = �h1(r)⇠r �
m2

k2r2 + m2

r

R
Bz(◆-� ◆-s)⇠0r (12)

�Bz = �h2(r)⇠r �
krm

k2r2 + m2

r

R
Bz(◆-� ◆-s)⇠0r (13)

where

h1(r) = B0
✓ +

k

k2r2 + m2
(krB✓ + mBz) (14)

h2(r) = B0
z +

Bz

r
� m/r

k2r2 + m2
(krB✓ + mBz) (15)

are defined by the equilibrium. In the particular case of
continuous transform, the solution for ⇠ is discontinuous
at ◆- = ◆-s, thus it follows that [[�B]] 6= 0 from Eqs. (12)
and (13). In the case of discontinuous transform, the
displacement ⇠ is continuous and smooth, but there still is
a jump in �B because the products (◆-�◆-s)⇠r and (◆-�◆-s)⇠0r
are discontinuous. This shows the general existence of a
non-axisymmetric current sheet.

An important question is whether these current sheets
are field-aligned, and if they are, whether they are aligned
with the field on the inside or on the outside of the sur-
face. We first consider the DC current sheet, which is
given by

jDC = [[Bz]]�(r � rs)ˆ✓ � [[B✓]]�(r � rs)ẑ . (16)

The force produced by this current sheet and the equi-
librium magnetic field is

jDC ⇥B

±
0 = ([[B✓]]B±✓ + [[Bz]]B±z )�(r � rs)r̂ (17)

where ± indicates either side of the surface. This force is
non-zero in general, which would seem to contradict the
fact that this is a force-free equilibrium. However, the
sum of the two forces vanishes,

jDC ⇥B

+
0 + jDC ⇥B

�
0 = [[B2

0]]�(r � rs)r̂ = 0 (18)

since the equilibrium satisfies [[B2
0]] = 0 by construction.

This means that the current sheet is not aligned with
either of the fields on each side of the surface, but rather
aligned with the average surface field.

In general, the average j ⇥ B force produced by the
total current sheet and the total magnetic field is also
zero. Using j = [[B]]⇥ n̂�(r � rs), we have that

j⇥ (B+ + B

�) = [[B2]]n̂� (B+ + B

�) · n̂[[B]] = 0 (19)

since both [[B2]] = 0 and B · n̂ = 0 are satisfied. There-
fore, the current sheets are aligned such that the forces
acting on each side of the surface are equal and opposite.

III. IDEAL RESPONSE TO AN RMP AT � > 0

We now consider the ideal response to an RMP in a
screw-pinch with finite pressure and no flow. We show
that even at modest values of � the perturbation can
be significantly amplified and, as a consequence, pene-
trate inside the resonant surface with values exceeding
the boundary perturbation amplitude. The results are
confirmed by linear and nonlinear calculations.

A. Equilibrium

The axisymmetric, ideal-MHD equilibrium in a screw
pinch with finite pressure and no flow satisfies
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h
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z(1 + ◆-2
r2
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)
i

+
r◆-2B2

z

R2
= 0 , (20)

and is uniquely determined by the value of the axial
field at the origin, Bz(0), the rotational-transform pro-
file, ◆-(r), the pressure profile, p(r), and the major and
minor radius, R and a. We choose

◆-(r) = ◆-0 � ◆-1(r/a)2 ± �◆-/2 ,

p(r) = p0[1� 2(r/a)2 + (r/a)4] ,

thus a continuous and smooth pressure profile such that
p(0) = p0 and p(a) = 0. The solution for Bz(r) can be
obtained by integrating Eq. (20) and imposing the conti-
nuity of the total pressure, p+B2/2, across the resonant
surface. Since p is continuous, this condition is [[B2]] = 0.

We define � as computed at the origin,

� =
2p(0)
B2

z(0)
(21)

and variations in � will correspond to variations in p(0).

B. Linear response to an RMP

The linearized force-balance equation still reduces to
Newcomb’s equation, Eq. (5), with the functions f(r)
and g(r) given by

f = f |�=0 , (22)

g = g|�=0 + k̄◆-2sr
3p0 , (23)
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equation,

�j[⇠]⇥B0 + j⇥ �B[⇠] = 0 , (4)

where B0 is the equilibrium magnetic field and the
linear, ‘ideal’ perturbation to the magnetic field is
�B[⇠] ⌘ r⇥ (⇠ ⇥B0), and �j[⇠] ⌘ r ⇥ �B[⇠]. This re-
duces to Newcomb’s equation [6],

d

dr

✓
f

d⇠

dr

◆
� g⇠ = 0, (5)

where ⇠r ⌘ ⇠(r) cos (m✓ + kz). The functions f(r) and
g(r) are determined by the equilibrium,

f = B2
z(◆-� ◆-s)2k̄r2 , (6)

g =
f

r2
(k2r2 + m2 � 1) + B2

z(◆-2s � ◆-2)2k̄2◆-2sr , (7)

where k = �n/R, ◆-s = n/m, and k̄ = r/(R2 + r2◆-2s).
Figure 1 shows the result of numerical integration of

Eq. (5) for an m = 2, n = 1 perturbation and for dif-
ferent values of �◆-. The linear radial displacement is
continuous and smooth provided �◆- > 0, i.e. provided
that there is a DC current sheet. However, for a contin-
uous ◆-(r) that contains the resonance, ◆- = ◆-s, Newcomb’s
equation is singular and the solution that is regular at
the origin is ⇠(r < rs) = 0 and ⇠(r � rs) 6= 0, i.e. the ra-
dial displacement is discontinuous. This class of solutions
is obtained by the linearly-perturbed, ideal equilibrium
codes that are used to study non-axisymmetric boundary
perturbations in tokamaks [7–9] and stellarators [10].

A discontinuous plasma displacement is inconsistent
with the assumption of nested flux-surfaces: in fact, mag-
netic surfaces overlap if the displacement anywhere has
|d⇠/dr| > 1. As can be inferred from Fig. 1, there must
be a critical value for the magnitude of the DC current
sheet above which |d⇠/dr| < 1 and thus for which the
solution is consistent. An expression for the gradient of
the displacement at the resonant surface was estimated
analytically in Ref. [5],

|⇠0s| = 2◆-0s
⇠s

�◆-
(8)

where ⇠s ⌘ ⇠(rs) and ◆-0s is the shear around the resonant
surface. Equation (8) can be obtained by studying the
asymptotics of Eq. (5) for small values of x = |(◆-�◆-s)/◆-0s|.
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FIG. 1: Solutions of Eq. (5) for an m = 2, n = 1 bound-
ary perturbation and for �◆- = 4 ⇥ 10�2

, 10�2
, 10�3, and the

singular case �◆- = 0 (discontinuous curve). Colours merely
indicate the inner (r < rs, blue) and outer (r > rs, red) parts
of the solution.

Since ⇠s scales with ⇠a, we see that ⇠0s is proportional
to the boundary perturbation and inversely proportional
to �◆-. The sine qua non condition for the existence of
equilibria is |⇠0|  1, which translates into �◆- � �◆-min,
where

�◆-min = 2◆-0s⇠s . (9)

The continuous transform limit becomes a consistent so-
lution as �◆-min ! 0, i.e. for infinitesimally small per-
turbation or infinitesimally small shear.

This analysis is linear and a priori limited to small
boundary perturbations, ⇠a/a ⌧ 1; however, the pre-
diction remains valid for the nonlinear calculations, as
shown in Ref. [5].

We would like to note that even for a small, local
change in the transform profile, i.e. a small jump �◆-,
the global solution is significantly di↵erent and the dis-
placement penetrates inside the resonant surface all the
way to the origin.

C. Structure of the current sheets

In general, a current sheet is present on a given flux
surface if there exists a magnetic field discontinuity across
this surface, [[B]] ⌘ B

+ �B

� 6= 0. In fact, by virtue of
Ampère’s law, j = r⇥B, this current sheet is given by

j = [[B]]⇥ n̂ �(x� xs) (10)

where n̂ is the unit vector normal to the surface and xs

parametrizes points on the surface. We remark that j is
strictly speaking a current density and that any physi-
cally valid current density must be integrable, so that the
total current is finite. This is the case of Eq. (10).

Ø  Pressure-‐‑driven  amplification  and  penetration  of  RMP  in  ideal  MHD!	
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In the system under consideration, namely a perturbed
screw-pinch equilibrium, a discontinuity is present in the
equilibrium field, B0, and in the perturbed field, �B.
The former gives rise to an axisymmetric or DC cur-
rent sheet, while the latter produces a non-axisymmetric
current sheet with a helicity corresponding to the reso-
nant mode numbers. The fact that [[B0]] 6= 0 is a conse-
quence of the discontinuous rotational transform defining
the equilibrium. The reason for [[�B]] 6= 0 is less obvious.
The general expressions for the three components of the
linearly perturbed field, �B = r⇥(⇠⇥B0), as a function
of the radial displacement, ⇠r = ⇠(r) exp [i(m✓ + kz)], are

�Br =
im

R
Bz(◆-� ◆-s)⇠r (11)

�B✓ = �h1(r)⇠r �
m2

k2r2 + m2

r

R
Bz(◆-� ◆-s)⇠0r (12)

�Bz = �h2(r)⇠r �
krm

k2r2 + m2

r

R
Bz(◆-� ◆-s)⇠0r (13)

where

h1(r) = B0
✓ +

k

k2r2 + m2
(krB✓ + mBz) (14)

h2(r) = B0
z +

Bz

r
� m/r

k2r2 + m2
(krB✓ + mBz) (15)

are defined by the equilibrium. In the particular case of
continuous transform, the solution for ⇠ is discontinuous
at ◆- = ◆-s, thus it follows that [[�B]] 6= 0 from Eqs. (12)
and (13). In the case of discontinuous transform, the
displacement ⇠ is continuous and smooth, but there still is
a jump in �B because the products (◆-�◆-s)⇠r and (◆-�◆-s)⇠0r
are discontinuous. This shows the general existence of a
non-axisymmetric current sheet.

An important question is whether these current sheets
are field-aligned, and if they are, whether they are aligned
with the field on the inside or on the outside of the sur-
face. We first consider the DC current sheet, which is
given by

jDC = [[Bz]]�(r � rs)ˆ✓ � [[B✓]]�(r � rs)ẑ . (16)

The force produced by this current sheet and the equi-
librium magnetic field is

jDC ⇥B

±
0 = ([[B✓]]B±✓ + [[Bz]]B±z )�(r � rs)r̂ (17)

where ± indicates either side of the surface. This force is
non-zero in general, which would seem to contradict the
fact that this is a force-free equilibrium. However, the
sum of the two forces vanishes,

jDC ⇥B

+
0 + jDC ⇥B

�
0 = [[B2

0]]�(r � rs)r̂ = 0 (18)

since the equilibrium satisfies [[B2
0]] = 0 by construction.

This means that the current sheet is not aligned with
either of the fields on each side of the surface, but rather
aligned with the average surface field.

In general, the average j ⇥ B force produced by the
total current sheet and the total magnetic field is also
zero. Using j = [[B]]⇥ n̂�(r � rs), we have that

j⇥ (B+ + B

�) = [[B2]]n̂� (B+ + B

�) · n̂[[B]] = 0 (19)

since both [[B2]] = 0 and B · n̂ = 0 are satisfied. There-
fore, the current sheets are aligned such that the forces
acting on each side of the surface are equal and opposite.

III. IDEAL RESPONSE TO AN RMP AT � > 0

We now consider the ideal response to an RMP in a
screw-pinch with finite pressure and no flow. We show
that even at modest values of � the perturbation can
be significantly amplified and, as a consequence, pene-
trate inside the resonant surface with values exceeding
the boundary perturbation amplitude. The results are
confirmed by linear and nonlinear calculations.

A. Equilibrium

The axisymmetric, ideal-MHD equilibrium in a screw
pinch with finite pressure and no flow satisfies

dp

dr
+

1
2

d

dr

h
B2

z(1 + ◆-2
r2

R2
)
i

+
r◆-2B2

z

R2
= 0 , (20)

and is uniquely determined by the value of the axial
field at the origin, Bz(0), the rotational-transform pro-
file, ◆-(r), the pressure profile, p(r), and the major and
minor radius, R and a. We choose

◆-(r) = ◆-0 � ◆-1(r/a)2 ± �◆-/2 ,

p(r) = p0[1� 2(r/a)2 + (r/a)4] ,

thus a continuous and smooth pressure profile such that
p(0) = p0 and p(a) = 0. The solution for Bz(r) can be
obtained by integrating Eq. (20) and imposing the conti-
nuity of the total pressure, p+B2/2, across the resonant
surface. Since p is continuous, this condition is [[B2]] = 0.

We define � as computed at the origin,

� =
2p(0)
B2

z(0)
(21)

and variations in � will correspond to variations in p(0).

B. Linear response to an RMP

The linearized force-balance equation still reduces to
Newcomb’s equation, Eq. (5), with the functions f(r)
and g(r) given by

f = f |�=0 , (22)

g = g|�=0 + k̄◆-2sr
3p0 , (23)
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FIG. 5: Perturbed parallel current around the resonant sur-
face, for � = 0 (dashed lines) and � = 0.5% (solid lines).
Top: �j|| as a function of the minor radius. Middle: �j||/⇠ as
a function of the distance x to the rational. Bottom: same as
middle but in log-log scale. The dash-doted black line in the
bottom panel has slope �1. Colours merely indicate the inner
(r < rs, blue) and outer (r > rs, red) parts of the solution.

equilibrium calculations for the perturbed screw pinch
with finite pressure. In the “ideal limit”, i.e. very
large N , the MRxMHD energy functional reduces to
W ⌘

R ⇥
p/(� � 1) + B2/2

⇤
dv. Equilibrium states are

obtained when the gradient of this functional, F [x, b] ⌘
rp � j ⇥ B, is zero, where x represents the geometry
of the internal flux-surfaces and where b denotes the de-
pendence of the equilibrium on the prescribed bound-
ary. Given an equilibrium state, i.e. F [x, b] = 0,
the first order correction to the internal geometry in-
duced by a boundary deformation, �b, is defined by
r

x

F · ⇠ +rbF · �b = 0, which is essentially Newcomb’s
equation generalized to arbitrary geometry, and the so-
lution is ⇠ = �(r

x

F )�1 · rbF · �b. Figure 6 shows a
comparison of the SPEC linear solutions and the corre-
sponding Newcomb solutions, for di↵erent values of �.
Each cross in Fig.6 corresponds to the radial displace-
ment of each ideal interface considered in SPEC. The
agreement between linear SPEC and linear theory is ex-
cellent.

Generally, nonlinear solutions to F [x, b] = 0 for a given
boundary are found by iterating on the linear correc-

tion, i.e. xi+1 ⌘ xi � (r
x

F )�1 · F , where i labels itera-
tions. SPEC uses Newton-style methods but can also em-
ploy descent-style algorithms similar to that employed by
VMEC and NSTAB to minimize the energy functional.
We perform a convergence study of the nonlinear SPEC
equilibria towards the corresponding linear prediction as
the boundary perturbation ⇠a is decreased and for dif-
ferent values of �◆-. Excellent convergence is shown in
Figure 7, with the error scaling as e ⇠ O(⇠2

a). The non-
linear calculations used Fourier harmonics with m  6
and n  3. We remark that the agreement arising from
this verification exercise is of unprecedented nature and
may shed some light on how to reconcile the recently ob-
served discrepancies between linear and nonlinear equi-
librium codes that assume nested flux surfaces [18, 19].

A verification of the VMEC code against the same lin-
ear theory has also been carried out recently in the case
of zero-pressure [20]. VMEC cannot compute equilibria
with discontinuous rotational-transform; however nested
flux surfaces are enforced by the representation of the
magnetic field, and thus the solution that is obtained for
the radial displacement, ⇠(r), is continuous and smooth,
and always satisfies |⇠0|  1. In fact, the VMEC solu-
tions show a similar behaviour to that in Fig. 1 for the
case of zero-pressure, when either the radial resolution or
the shear are increased [20]. Figure 8 shows how VMEC
calculations can reproduce a similar behaviour to that
in Fig. 6 for the case of finite pressure. In particular,
the phenomena of amplification and penetration of the
boundary perturbation are observed as � is increased.
In any case, while VMEC seems to qualitatively repro-
duce the ideal response to an RMP, an exact agreement
with Newcomb’s solutions may require explicit handling
of discontinuities in the magnetic field.
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FIG. 6: SPEC linear solutions (crosses) and Newcomb solu-
tions (solid lines) for an m = 2, n = 1 boundary perturbation
and for di↵erent values of �, from � = 0 (lower curve) to
� = 1.1% (upper curve). Here �◆- = 1.4⇥ 10�3.
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FIG. 8: VMEC perturbed equilibrium solutions for an m = 2,
n = 1 boundary perturbation and for di↵erent values of �

ranging from � = 0 (lower curve) to � = 0.68% (upper curve).
Radial resolution corresponds to N = 512 flux-surfaces.

V. DISCUSSION AND CONCLUSIONS

We have shown that three-dimensional ideal-MHD
equilibria with nested surfaces, arbitrarily smooth pres-
sure gradient and discontinuous-transform across reso-
nances are well defined and can be computed both lin-
early and nonlinearly. These states, we believe, may rep-
resent the only possible plasma equilibrium states with
magnetic surfaces that are both nested and resonant.

Experimentally, it has been observed that under cer-
tain parameter regimes, magnetic islands forming around
resonant surfaces in stellarators are healed [21]. Mecha-
nisms responsible for self-healing of magnetic islands have

been suggested [22, 23] and related to similar island dy-
namics observed in tokamaks [24]. However, regardless
of what mechanism is responsible for island-healing, the
resulting plasma equilibria should then be described by
the class of equilibria considered herein. And our predic-
tions seem to indicate that, in such a scenario, an RMP
will be largely amplified around the resonance and will
penetrate all the way into the core.

Two questions that remain to be answered are (1) what
sets the value of �◆-, and (2) how can these states be
accessed?

Question (1) was partially answered in Ref. [5] by
showing that there is a lower bound on the DC current
sheet, �◆- > �◆-min, which ensures that flux-surfaces are
preserved. It remains to be investigated whether an up-
per bound exists. A close examination of the Rosen-
bluth solution [25] for the nonlinearly saturated ideal
internal kink in a cylindrical tokamak, which is an ex-
ample of three-dimensional ideal-MHD equilibrium with
nested surfaces, is presented in Appendix A. The analysis
shows that this equilibrium marginally satisfies the sine

qua non condition, |⇠0|  1, and thus this suggests that
the current sheet on the resonant surface corresponds to
�◆- = �◆-min. However it may well be that other states
with �◆- > �◆-min are also accessible, e.g. non-ideally.
This will require further investigation.

Question (2) may be answered as follows. Assume that
a plasma is initially in a perfectly axisymmetric state, i.e.
with no resonances, and where the rotational-transform
is continuous. Then the mechanism able to generate a
jump in transform must obviously not preserve the func-
tional ◆-( ), where  is a flux-surface label, e.g. the en-
closed toroidal flux. Any non-ideal e↵ect may provide
such mechanism, although usually at the price of open-
ing up an island; however, if the island is subsequently
healed and a shielded state with nested surfaces is ob-
tained, the final state may present a jump in the trans-
form. Another much less intuitive mechanism was de-
scribed by Eyink and Aluie [26], who showed that even
within ideal-MHD, where the plasma is assumed to be
infinitely conducting, the breaking of Alfvén’s theorem is
possible. In fact, the frozen-in-flux condition that is usu-
ally attributed to ideal plasmas results from combining
Faraday’s law and Ohm’s law; however, in the presence
of current and vorticity sheets, these two laws do not en-
sure the conservation of fluxes [26]. Such proof would
suggest that a jump in transform could in principle be
accessed even within ideal-MHD, although this also re-
quires further investigation.
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[Rosenbluth	  et	  al,	  Physics	  of	  Fluids	  16,	  1973]	  

nonlinear  solution  for  the  displacement:	

with	 Maximize	  Λ[g]	  
to	  obtain	  g(θ)	  

Solve	  for	  f(x)	  
given	  g(θ)	  

Matching	  to	  
linear	  theory,	  
h(θ)	  =	  ξacos(θ)/2	  	  

Notice:                                                        thus  sine  qua  non  condition  marginally  satisfied!	
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Jump  in  magnetic  field  (current  sheet):	
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Ø  New	  class	  of	  3D	  MHD	  equilibria	  allows	  for	  nested	  surfaces	  and	  smooth	  pressure.	  
[Loizu	  et	  al,	  Phys	  Plasmas	  22	  090704,	  2015]	  

Ø  Exact	  computaTon	  of	  singular	  current	  densiTes.	  
[Loizu	  et	  al,	  Phys	  Plasmas	  22	  022501,	  2015]	  

Ø  Novel	  predicTon:	  amplificaTon	  and	  penetraTon	  of	  RMP	  even	  within	  ideal	  MHD.	  

[Loizu	  et	  al,	  Phys	  Plasmas	  23,	  055703,	  2016	  ]	  

On  the  importance  of  3D  ideal-‐‑MHD  	

On  partially  relaxed  3D  MHD  equilibria	

Ø  Ideal	  kink	  states	  [Rosenbluth	  et	  al,	  1973]	  belong	  to	  this	  class	  of	  equilibria.	  

Ø  What	  generally	  determines	  the	  value	  of	  Δι	  remains	  to	  be	  invesTgated.	  



Ø  W7-‐‑X  was  optimised  with  respect  to      [Grieger  et  al,  Phys  Fluids  B,  1992]                	

Ø  Improved  neoclassical  confinement	

Ø  Good  MHD  stability	

24	  

Wendelstein	  7-‐X	  	  	  

Ø  Good  fast-‐‑particle  confinement	

Ø  Low  bootsrap  current	

Ø  Main  goals  of  W7-‐‑X:	

Ø  Large  triple  product  nTτE  ~  1020  m-‐‑3  keV  s	

Ø  Quasi-‐‑stationary  discharges  c.a.  30  min	

Ø  Operation  with  an  island  divertor  e.g.  ιa=5/5	
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Two	  problems	  require	  physics	  understanding	  

Effect  of  finite  bootstrap  current	
	

Unknown  β-‐‑limit  	

Ø  Probably  determined  by  the  equilibrium.	

[J.  Geiger  et  al,  NF,  2015]  	   [M.  Drevlak  et  al,  NF,  2005]  	  

Ø  Possible  degradiation  at  high  β.	

Ø  Need  for  a  robust,  reliable,  and  fast  code.	

Ø  Perturbation  in  ιa  is  harmful  for  the  SOL.	

Ø  ECCD  clamping  of  ιa  may  open  islands.  	

Ø  Need  equilibrium  code  with  islands.	
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SPEC	  used	  first	  to	  compute	  stellarator	  vacuum	  fields	  
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SPEC	  verified	  for	  stellarator	  vacuum	  fields	  
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classical  l  =  2  stellarator	 W7-‐‑X  limiter  configuration  	



SPEC	  verified	  for	  mulT-‐volume	  stellarator	  equilbria	  
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Ø  N  =  2  volumes	
Ø  Impose  ι+/-‐	  =	  ιnoble	  
Ø  Impose  edge  ιa	  and	  Ψ1	
Ø  Impose  p1  =  p2  =  0	 ψ	  

ι	  	  

ψ	  

p	  	  
µμ2  ≠  0	µμ1  ≠  0	

ψ1	   ψ1	  

ιa	  
ιnoble	  

p1	  

p2	  



SPEC	  can	  find	  zero-‐current	  stellarator	  equilibria	  
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ψ	  

ι	  	  

ψ	  

p	  	  
µμ2  ≠  0	µμ1  ≠  0	

ψ1	   ψ1	  

ιa	  
ιnoble	  

p1	  

p2	  

Ø  Iterate  on  ιa	  and	  Ψ1	  	  

                      to  constraint  current  µμ1,2	
Ø    Example:  recover  vacuum  state	



Ø  Ideal  β-‐‑limit  in  an  l=2  stellarator	

	
              here  gives  β  ≈  0.2%  .	

MagneTc	  islands	  and	  chaos	  can	  appear	  at	  finite	  β	  

30	  

[J.	  P.	  Freidberg,	  Ideal	  MHD,	  p.273,	  2014]	  
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Ø  Shafranov  shift  is  clearly  observed.	

Ø  For  β  >  0.1%,  islands  start  to  appear.	

Ø  For  β  >  0.2%,  chaos  emerges.	

Free-‐‑boundary  SPEC  will  allow	

  studying  β-‐‑limit  in  stellarators  	



Summary	  and	  perspecTves	  
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Ø  New	  class	  of	  3D	  MHD	  equilibria	  allows	  for	  nested	  surfaces	  and	  smooth	  pressure.	  
[Loizu	  et	  al,	  Phys	  Plasmas	  22	  090704,	  2015]	  

Ø  First	  numerical	  proof	  of	  the	  existence	  of	  singular	  current	  densiTes.	  
[Loizu	  et	  al,	  Phys	  Plasmas	  22	  022501,	  2015]	  

Ø  Novel	  predicTon:	  amplificaTon	  and	  penetraTon	  of	  RMP	  even	  within	  ideal	  MHD.	  

[Loizu	  et	  al,	  Phys	  Plasmas	  23,	  055703,	  2016	  ]	  

Ø  Stellarator	  equilibria	  with	  islands	  have	  been	  computed	  and	  verified	  with	  SPEC.	  
[Loizu	  et	  al,	  Phys	  Plasmas,	  submiNed]	  

On  the  importance  of  3D  ideal-‐‑MHD  	

On  partially  relaxed  3D  MHD  equilibria	

Ø  Ideal	  kink	  states	  [Rosenbluth	  et	  al,	  1973]	  belong	  to	  this	  class	  of	  equilibria.	  

Ø  What	  determines	  the	  value	  of	  Δι	  remains	  to	  be	  invesTgated.	  

Ø  Free-‐boundary	  version	  of	  SPEC	  will	  allow	  to	  study,	  e.g.,	  stellarator	  β-‐limit.	  


