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1. Introduction: 
What is the kappa distribution? 



Space plasmas: 
Systems out of thermal equilibrium  

- Space plasmas are stationary but out of thermal 
equilibrium, with their distribution functions 
stabilized into a kappa distribution. 

- Systems at thermal equilibrium have their 
distribution function stabilized into a Maxwellian. 

- Thermal equilibrium: flow of heat in balance 
(thermal conduction, transfer, radiation). 

- Stationary: no explicit time-dependence 
e.g., stationary distribution,  0~)()/( uPt 
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Space plasmas reside 
in a stationary state 
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Ulysses ion speeds 
(2001) 

Livadiotis & McComas 
2013, JGR, 118, 2863 



2. Non-Extensive Statistical Mechanics/ 
Mathematical Motivation 



Mathematical Motive (1) 

The exponential 
 is defined by 

exp(x): 
exponential 
function 
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Livadiotis & McComas, 2009, JGR, 114, A11105, 22pp 



Mathematical Motive (2) 

Boltzmann-Gibbs Distribution 

exp(x) 
function 
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ln(x) 
function 

Boltzmann-Gibbs Entropy 



Non-Extensive Statistical Mechanics 

Use of exp(x) : 
DISTRIBUTION 
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3. Connection to Thermodynamics 



Temperature ~ Mean Energy 

Temperature Τ : Mean kinetic energy Tkuum Bb 2
32
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2 kTKinetic Definition: 

Thermodynamic Definition: 

→ The two fundamental definitions coincide, 
 - at thermal equilibrium (κ→∞), 

- out of thermal equilibrium (any κ). 
→ Τ can be defined at, or out of, thermal equilibrium 

(S: Entropy , U: internal energy, here U = < ε >) 

CORONA plasma 
L~10m,n~1013m-3 ,T~106K 

LAB plasma 
L~10m, n~1018m-3, T~100K 

Mixed plasma 
L~10m, n~1018m-3, T~110K + = 

Sumiyoshi  Abe, 
Phys Rev E, 2001 

Livadiotis, 2015, JGR, 120, 1607, 13pp 



1 / Kappa ~ Energy Correlation 
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Livadiotis & McComas 
2011, ApJ, 741, 88 

No Correlation 

Livadiotis, McComas, 2011, Astrophys J 741, 88, 28pp 



The Kappa spectrum 

κ : Measure of the “thermodynamic distance” from thermal equilibrium 
- Thermal equilibrium: κ→∞ 
- Stationary States, Out of thermal equilibrium: any κ<∞ 
- Anti-Equilibrium, Furthest from thermal equilibrium: κ→3/2 

The κ-spectrum is the whole set of different states, labeled by the values of κ : 

Livadiotis et al, 2013, 
Space Sci Rev, 75, 183 
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4. Properties of kappa distribution 



Velocities or kinetic energies 
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Unique distribution for any exponent 
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Kappa distribution of the Hamiltonian (1) 
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- Kappa Distribution of a Hamiltonian 

- Kappa Distribution when there is a potential Φ 

where Φ−Φ≡Φ )()(c rr 
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- Kappa Distribution of the velocities, when there is no external force 
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(Independence of the zero level) 

Livadiotis, 2015, JGR, 120, 880-903, 24pp 



- Kappa Distribution when there is a potential Φ 

Kappa distribution of the Hamiltonian (2) 

Positional distribution (z) 
(after the integration over the kinetic energy or velocities) 
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κ ~ 4.6 

Kappa distribution of the Hamiltonian (3) 

(a) (b) 

Kappa distributions of (a) speed (b) altitude for OH in the plasma near Enceladus 

The positional electron distribution at high 
altitude of the Saturnian magnetosphere 
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- Kappa Distribution when there is a potential: 

Kappa distribution of the Hamiltonian: 
Magnetization – Curie constant  (1) 
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Kappa distribution of the Hamiltonian: 
Magnetization – Curie constant  (2) 
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N-particle Kappa distribution (1) 
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N-particle Kappa Distribution 

2
)1(31

2
b12

2
31 )(111~)(

−+−−









−

−
+

N

uuuP
N

κ

θκ


1
2

b12
2
31 )(111~)(

−−









−

−
+

κ

θκ
uuuP 

1-particle Kappa Distribution 

integrated over                     , so that Nuuu 


 ,,, 32

2
3

2
3 1])3([

2
b12

2
31 )(1

)3(
11~)(

−−−−









−

−
+

NN

N
uu

N
uP

κ

θκ


2
3

2
3 1])3([

2
b12

2
31 )(1

)3(
11~)(

−−−−









−

−
+

κ

θκ
uuuP 

02
1)( κκ ≡− ff

2
3

0 1
2

b12
0

1 )(111~)(
−−−









−+

κ

θκ
uuuP 

02
3)3( κκ =− NN 02

3)3( κκ =−

Different formulae → The kappa index depends on the degrees of freedom: 

Livadiotis, 2015, 
Entropy, 17, 2062 



N-particle Kappa distribution (2) 
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- Kappa Distribution of the velocities, when there is no external force 
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- Kappa Distribution when having a potential 
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- Kappa Distribution of the velocities, d-dimensional 



5. Applications in space plasmas 

  

 ,   (13.1) 



Applications: 
Near-equilibrium vs. Far-equilibrium 

 
Space plasmas reside 
 - Near-Equilibrium region 
with kappa indices κ>2.5, 
 - Far-Equilibrium region 
with kappa indices κ<2.5 

In the inner heliosheath κ-indices are distributed only in the Far-Equilibrium region, 
while in the inner heliosphere κ-indices are distributed in the Near-Equilibrium region 

Near-Equilibrium,  κ > 2.5 Far-Equilibrium,  κ < 2.5 

Livadiotis & McComas 
2010, ApJ, 714, 971 

Livadiotis, McComas, 2011, Astrophys J 741, 88, 28pp 



Applications: Inner Heliosheath 

Livadiotis, et al., 2011, ApJ, 734, 1, 19pp 



Applications: ~50 space plasmas 

Livadiotis, 2015, JGR, 120, 1607, 13pp 



6. Applications: New Quantization Constant 



Applications: 2nd Quantization Constant 

*2
1 ≥∆∆ tE

sJ 102.1 22
*

−×≅

1) 

Space plasmas reveal that the Planck constant is 
not unique. A second quantization constant exist: 

2) 

sJ 101.1 34−×≅ (Planck quantization) 

(Plasma quantization) 

- Livadiotis & McComas, 2013, Entropy, 15, 1118 
- Livadiotis & McComas, 2014, ASP Conf Ser, 484, 131, pp6 
- Livadiotis & McComas, 2014, J Geophys Res, 119, 3247 
- Livadiotis, 2014, Entropy, 16, 4290-4308, pp19 
- Livadiotis, 2015, J Phys Conf Ser, 577, 012018, pp7 
- Livadiotis, 2016, ApJ Suppl Ser, 223, 13, pp13 
- Livadiotis & Desai, 2016, ApJ, In Press 
- Nature News, doi:10.1038/nature.2013.13159 



Systems with Local Correlations 

Phase Space 

How would the laws of 
physics act in systems, 
where the information 
cannot be exchanged in 
phase-space parcels smaller 
than some ħ*  (>ħ) ? 

Phase Space cell: 
~xp∆∆

This can be realized when 
there is connection between 
the information of different 
ħ-cells 1, 2, 3… 

1F
 2F



3F


CORRELATIONS 

These long-lived correlations (collisionless plasmas) could be responsible 
for generating a large scale phase space elementary cell: ħ*. 

Livadiotis, 2015, J Phys Conf Ser, 577, 012018, pp7 



Large-Scale Quantization: 
The energy-frequency relation 

(a) The smallest energy that is transferred from uncorrelated 
particles is ~ħ·ωph. This creates a quasi-particle, e.g., a photon. 

(b) For correlated particles, the smallest energy that can be 
transferred is ~ħ*·ωpl. The quasi-particle is typically a plasmon. 

Livadiotis & McComas, 2014, J Geophys Res, 119, 3247 



Methods for finding the value of ħ* 
Observation methods - data analyses 
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Example: Ulysses data 

Ulysses measurements of the solar wind, a largely 
proton-electron plasma, reveal a constant ħ* ,  
even over a broad range of heliocentric distances and 
heliolatitudes from -80º to +80º. 

15.092.21]sJ[log * ±−≅⋅

Livadiotis & McComas, 2013, Entropy, 15, 1118 



Typical plasma parameters and ħ* values 
for various space plasmas of different r. 
Constancy of the values of εc/ωpl=ħ* in contrast to 
other plasma parameters is apparent. 

Constant ħ* throughout the heliosphere 

Heliocentric Distance, r 

(Each parameter is normalized to its maximum of the five samples)  

Livadiotis & McComas, 2014, J Geophys Res, 119, 3247 



Constant ħ* throughout the heliosphere 



The value of ħ* 



Derivation of the magnetic field 

Solar wind 
- Ulysses measurements - 

Inner Heliosheath 
- IBEX measurements - 

TnBn 2
1

2
3

45.2071.0 2
*

−− +≅ γ ⇒
inTnB γ7.3419.14 2

3

* −≅ 

Livadiotis, 2015, J Phys Conf Ser, 577, 012018, pp7 



Derivation of the magnetic field (2) 

Gaussian superposition 
of polytropic processes 

⇒

[ ])/(lnexp)/()( *
22

2
11

** nnnnTnT a σ−⋅⋅= −

Applying the Bernoulli integral 

Livadiotis, 2016, ApJ Suppl Ser, 223, 13, pp13 



A new type of quantization 

Planck Quantization 
 

 
 

s J10)1.02.1( 22
*

−×±≅sJ 101.1 34−×≅

Plasma Quantization 
 

 
 

2
1≥∆∆ tE

2
1≥∆tphω

plωε *=

*2
1 ≥∆∆ tE

2
1≥∆tplω

phωε =(photons) (plasmons) 

(for some ΔΕ, Δt) 

- Quasiparticle: 

- Fourier Analogue: 

- Uncertainty Analogue: 

- Quantization: 



7. Non-Euclidean Kappa Distributions 



Generalized kappa distribution 

Livadiotis, 2016, Physica A. 445, 240–255, pp16. 



Conclusions 

2. Statistical Framework: 
Tsallis statistics: q-Entropy & escort probability 

3. Connection with Thermodynamics: 
Well-defined temperature, thermal pressure, etc. 
 4. Properties of kappa distribution: 
Velocity/Kin.Energy, Hamiltonian, N-particle, etc. 
5. Applications in space plasmas 
Heliosheath, Heliosphere, LQC, etc. 

1. Introduction: What is the kappa distribution? 
It replaces the classical Maxwell distribution for 
particle systems out of thermal equilibrium. 
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