Statistical origin and properties
of kappa distributions

B ‘;_ ( : : & '.. -:c, L;:.: @ = [
P OGS t e L
:i@@{ $%e ™ X E'Q@ A 2
TR c%pe , ORI ‘e
% {f_) A5 =4 @ B A
o A @%J@{ o 2 5
b “ARAS. stpe, A%
oo GRS oo \F P
T o N (38 ¢
-—F) . @ @ =
L @ t@}@%é\@ B o e
o ) @5?@6\ ] y
«e & \f) - f)\ i@.*@ b,
® Raesy o DM
2 st O oo,
S ™o ® o Y e
":.?n @% T‘j@GKG;- 7(%@3‘ ® | f .;t - w:)i‘

George Livadiotis

Southwest Research Institute
San Antonio, TX, USA




N OO O B W N

Summary

. Introduction: What is the kappa distribution?

. Mathematical Motivation

. Connection with Thermodynamics
. Properties of kappa distributions

. Applications in space plasmas

. Large-Scale Quantization

. Non-Euclidean Kappa Distributions



1. Introduction:
What is the kappa distribution?




Space plasmas:

Systems out of thermal equilibrium

- Thermal equilibrium: flow of heat In balance
(thermal conduction, transfer, radiation).

- Stationary: no explicit time-dependence
e.g., stationary distribution, (6/at)P(d) ~ 0

- Systems at thermal equilibrium have their
distribution function stabilized into a Maxwellian.

- Space plasmas are stationary but out of thermal
equilibrium, with their distribution functions
stabilized into a kappa distribution.



Stationary states
infout of thermal equilibrium

Space plasmas reside
In a stationary state

Distribution of energy
IS quasi-invariant

0
Z P(g)~0
5

Boltzmann-Maxwell

In thermal equilibrium P(e) ~exp{—&/k;T}

Distribution
or
1 o Kappa
out of thermal equilibrium P(g)~{1+ 3-g/kBT} Distribution
L



Kappa distribution of velocities
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2. Non-Extensive Statistical Mechanics/
Mathematical Motivation




Mathematical Motive (1)

The exponential
is defined by

exp(x):
exponential
function

In(x):
Inverse function

or

1
Inx = lim K-[l—x'«] IanIinl](
K—>00 q—
4
1 1
K=—— & (=1+—
g-1 K

Livadiotis & McComas, 2009, JGR, 114, A11105, 22pp

e = lim 1+ (@1 -q)x]

1—x+
g-1

1
1-q

|



exp(x)
function

In(x)
function

Mathematical Motive (2)

e* =1lim (
K—>00

Inx =lim

K—>

N

X\ ‘ 1 ¢
1-— e ¥ —|im|1+=.—
j e ( ij

K—>0

K

Boltzmann-Gibbs Distribution

1—xiﬂ In(t/ p) = lim {K-[l— p’lfﬂ
or p-In@/p)= "”01 {x-(p— p1+iﬂ

S=Y p-In(/ P)Z,'Ji'l{ [1 > phﬂ

Boltzmann-Gibbs Entropy



Use of exp(x) :
DISTRIBUTION

Use of In(x) :
ENTROPY

&

p(e)~e ¥ = lim
1+1
S=> p-In@/p) = lim K-[l—Zp
[Boltzmann—Gibbs] = lim [ Tsallis ]
1 1
K=—— & (=1+—
g-1 K




3. Connection to Thermodynamics




Temperature ~ Mean Energy

—>

Temperature T : Mean kineticenergy <e>=-m< (- ) > =23k, T

2

o}

. 1
Kinetic Definition: T =%Kk;™-<é&>

Thermodynamic Definition: T = (OS/8U)_1-[1—%- S/k,]
(S: Entropy , U: internal energy, here U = <¢ >)

— The two fundamental definitions coincide,
- at thermal equilibrium (x—o0),
- out of thermal equilibrium (any x).
— T can be defined at, or out of, thermal equilibrium

CORONA plasma
[~10m,n~1013m-3 ,T~10°K

Mixed plasma
L~10m, n~10*¥m-3, T~110K

LAB plasma
[~10m, n~108m-3, T~100K

Livadiotis, 2015, JGR, 120, 1607, 13pp
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&, €,,... energies of different particles. (6,-6,)—

Correlation between particlesland 2 : & \/<512>_<81>2 -\/<322>—<52>2

- Thermal equilibrium: K-> o
Maxwell distribution can be factorized:

P(gl,gz,...,gf)=Hif=1P(5i)
<<91 -52> = _[8152 -P(g,8,)dede, = ng -P(g)de, -'[52 -P(g,)de, = <€1> : <82>
—> No Correlation p=0

- Out of thermal equilibrium: Any k<o Livadiotis & McComas
Kappa distribution cannot be factorized: 2011, ApJ, 741, 88
P(gl’gzv--’gf)¢Hif_1p(5i) <‘91°‘92>¢<51>'<‘92> —> Correlation p:E

- K

1t

K==
o,

K—o , p—0% k—f/2 , p—100%

<€

Livadiotis, McComas, 2011, Astrophys J 741, 88, 28pp




The Kappa spectrum

K . Measure of the “thermodynamic distance” from thermal equilibrium

- Thermal equilibrium: x—oo
- Stationary States, Out of thermal equilibrium: any x<oo
- Anti-Equilibrium, Furthest from thermal equilibrium: x—3/2

The x-spectrum is the whole set of different states, labeled by the values of « :

Spectrum of Non-Equilibrium stationary states
00 > I\.‘>% or 0<p<l

Nearer to Equilibrium <—> Further from Equilibrium

Equilibrium ‘K increases Anti-Equilibrium 1.5
k= or pP=0 P decreases K—>3 or p—>1 P= ?
universal behavior of the two extreme stationary states
P(u)~expl—(u—u,) /0°} j&)~¢&'?
thermodynamic distanc;: Increases
0% - 100% Livadiotis et al, 2013,

0% away from equilibrium 100% Space Sci Rev, 75, 183




4. Properties of kappa distribution




Velocities or kinetic energies

Distribution of velocities

2

N2 -x-1
P(u;e;zc){n - 3.(“ H‘jb) } [P(@6:x)d%u =1

Distribution of kinetic energies ¢=<m- (i -0,)°

N

k-1
P(e:Tix) ~| 14 ——. % [Pe:Tix)ede =1
k=3 KgT

2




Unique distribution for any exponent

-

-x-1
P(g)~[l+ 13- ‘9]
K_E kBT

%<K£w
Different exponents? No... It’s equivalent!
_3
L . ) <e>=3k T, =—2 .3kT

o (Hl g@j ) P(e)“[l+ " ]

real

S
K+a-3

2 Kel

(2) P(e)~ (1+
>

1 —(k+a-1)-1

P(e)~|1+ °
(k+a-1)-2 kT
%<K+a—l£w

-k-1
>P(5)~(1+ 13- < )
Kk+a-1- « K—75 kBTreaI

Livadiotis, 2015, JGR, 120, 1607, 13pp

real



e

S a1l Kappa distribution of the Hamiltonian (1)

- ]
s )

- Kappa Distribution of a Hamiltonian

o . -xk-1
p(F,0) ~ J1+ = HULD
Kk—3  kgT

- Kappa Distribution when there is a potential ©

-k-1

1 T )2 N o .

P 0) ~ 14— [ 2MU =) | 1 gy H(F,0) = m (U - G,)* + D, (F)
K—3 KgT KT

2

where @ (F)=®(F)-(®) (Independence of the zero level)

- Kappa Distribution of the velocities, when there is no external force

H () = $m (U —y)"

~ 2 -k-1
1 (u_ub):|

_3 :
K—5 0

0 =,/2k; T /m

P(U) ~{l+

Livadiotis, 2015, JGR, 120, 880-903, 24pp




g \’ﬂ Kappa distribution of the Hamiltonian (2)

- Kappa Distribution when there is a potential ®

®(z)~mgz  or D(z)~eEz H(z,0)=im(@U-0,)*+mg-(z—<z>)
Phase space distribution (z,ey):
—x-1
P(2, 65153, T) = ot KT 201'[“ ld ( x +iﬂ 5o
(k -1-3d)**™" T d)[(x —1d) k=51 kT 2
Positional distribution (z) kel
(after the integration over the kinetic energy or velocities) ° " mg
P(z)~|1+ 1 ~ 77" > n(z) =n(0)| 1+ -2
K—2 1, 3 I

K —
KoTea(2) = [ P2, )iy =4k,T | 14 ) T (2)=T..(0)- L 2
2 "B " local €k )éxUéy = N 5 7 % loc loc K 5 7
2

0 T2 4o

1 mgz)"* gz| Barometric
—> p(z)=p(0>(1+,(_ -kgTj k—ow P2)= p(°>exp( kT] formula
B

Livadiotis, 2015, JGR, 120, 880-903, 24pp

N|on
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e lz/<0.1 Rg
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Kappa distribution of the Hamiltonian:
Magnetization — Curie constant (1)

- Kappa Distribution when there is a potential: M®(#)=-uBcosd S =puBl(ksT)
i.e., Hamiltonian: H(9,0)=im(i-0,)* - #Bcosd
- Phase-Space Distribution:

-xk-1
& 1d-1
P(e,,%)de . dcosI o |1+ | =L — Bcos 9 2" “de.d cos 9
(2, )dei O{ x—4+ B(cos 9) [kBT P H bkt Bk

- Marginal Distributions: Jd 0059/

P(e)de, oc {1+ fx — kT —11+ £ + KT &, e,
KeT (x — 4+ B(cos 9)) KeT (x — 4 + B(c0s &)
- . | |
(2) B=5 g:):] 20
S s 5 ¥ _.-d‘C"K
= | hj]:ln% E
10| | S % 10 et
- £ p=5 P(cos9)d cosgoc(l— dﬁcos&* J dcos 4
Y s | e Kk —%+ B(cos9)
\ ol Y 'in) 41
0 e r— 3 | Livadiotis, 2016, EPL, 113, 10003, pp6
0 45 90 135 180




Kappa distribution of the Hamiltonian:
Magnetization — Curie constant (2)

P(cos 9)oc | 1-— LY | ks <cos&>=jw P(cos9)cos $dcos I
Ko+ p(cosS) f= uBIKsT) -
. 1+,B<cos&>+ﬂ_ Ky + B(c0s9) + B °
= (cos9) 1+ﬂ<cos9>—ﬁ_£K0+ﬂ<coss>—ﬂJ

p
1M =<cosl9>=|—,co£1+1lg.1|\/|}
Ko =

K-Langevin function

LK0 (x) = (1—1/ K, )—1 -{Cothk0 (x) —%} K, = L(X) = coth(x) _%

exp,, (¥)+ exp,, (-X)

coth, (x) = oxp, (X)—exp,, () exp, (—X)=[L+-x]™

L E
B ,uB uB \
IM =i+ |12 0t —+1 +0| — :

5 0.01 0.1 ,. 1 10 100

12

= lim l (+ 1) . . ..
M50 9(B/T) 3K Livadiotis, 2016, EPL, 113, 10003, pp6




1 1

e
K—3N0

P(U,) ~ |:1+ (U, - ljb)z:| N P(U,) ~ {1"'—_
K

Different formulae — The kappa index depends on the degrees of freedom:

{x(3)-31 13
1 1 1 1 2}

k(3N) -3} 6?

(61 _Ub)

(Ul _ l_jb)z

} [ (3N)-2N]-1-2

P(U,) ~ {1+ P(G,) ~ {1+
K

Livadiotis, 2015, pgy_ |3, 1 LG gye|
Entropy, 17, 2062



L1 HEG, R, e
K, KgT

- Kappa Distribution of the velocities, when there is no external force
11N - N
P(ul,...,uN){uK—?Z( —0,) } H(Ul,...,UN):%mZ(Ui—Ub)z

- Kappa Distribution of the velocities, d-dimensional

—Ko—l—%
5 Ty +1+9) (1+ uzj

P(0;T 1%,) = (70 %) &,

Ceo+D) | 67

- Kappa Distribution when having a potential

P(r, Uy, Ty, Uy) ~ H(E,T,,...,F,,by) =

{ﬂii Zl-cbc(a,...,rN)H L) ACTIAST NS

=1 kT



5. Applications in space plasmas




Applications:

N-rays, Accretion Disks
Schreier et al. 1271

Tranian Magnetogphere
Iaulk et al 1987

Ne, 160, 4He, Solar Wind
Collier et al, 1996

Nanoflares
Benz 2004 Pauluhn & Solanla
2007, Bazarghan et al. 2008

EQUILIBRIUM

Saturmian Magnetosphere
Dialynas et al. 2009

Inner Heliosheath (EIN Axs)
IicComas et al. 2002, Funsten et al.
2009, Tavadiotis et al 2011

Blazar y-rays
Montigny et al. 1995,
Wenters & Pavlidou 2007

Solar Flares
Azchwanden et al. 2000,
Charbonneau et al. 2001,

Mortnan =t al. 2001

Interplanetary Shocks
Diesai et al. 2004

Clorotating Interaction Regions
Miascn et al 2008

CNO, Ne-S, Fe, Solar Wind
Dayeh et al 2009

NANAITINOT INOYA LSTHLINA O

Near-equilibrium vs. Far-equilibrium

NEAR-EQUILIBERIUM 2.5 FAR-EQUILIBRIUM 1.

Space plasmas reside

- Near-Equilibrium region

with kappa indices k>2.5,

- Far-Equilibrium region

with kappa indices k<2.5

Livadiotis & McComas
2010, ApJ, 714, 971

In the inner heliosheath k-indices are distributed only in the Far-Equilibrium region,
while in the inner heliosphere k-indices are distributed in the Near-Equilibrium region

Far- Equﬂlbrlum K<25

Near- Eqwllbrlum K> 2.5

= " 0.3
QS a H* Inner- "' Saturnian
52 _ hellosheath, ’ magnetosphere 15
'L IR 1111111
- H II—IJ7 Prwlirl,—,...
1.516 22 K 2.5 12.5 15

Livadiotis, McComas, 2011, Astrophys J 741, 88, 28pp
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2011, ApJ, 734, 1, 19pp



Applications: ~50 space plasmas

2.5 2 175 K15

0.4 0.6 0.8 1
-SEP M=1/(k-0.5)
Enceladus
OH cloud

ring current

uranian

| super
e jupiter's
mag/sphere

outer corona low corona

magnetosheath
substorms

planetary
nebulae

| . . — .
4 6 8 10, 12 14 16
n [m”]

e

i

1

0

Livadiotis, 2015, JGR, 120, 1607, 13pp

8 06 0.4 0.
M
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6. Applications: New Quantization Constant




’ 2 o4,

& ﬁ Applications: 2" Quantization Constant

Spa Ismas reveal that the Planck constant Is
not unigue. A second quantization constant exist:

1) h=1.1x10"*Js (Planck quantization)
2) A, =1.2x10%*Js (Plasma quantization)

- Livadiotis & McComas, 2013, Entropy, 15, 1118

- Livadiotis & McComas, 2014, ASP Conf Ser, 484, 131, pp6
- Livadiotis & McComas, 2014, J Geophys Res, 119, 3247

- Livadiotis, 2014, Entropy, 16, 4290-4308, pp19

- Livadiotis, 2015, J Phys Conf Ser, 577, 012018, pp7

- Livadiotis, 2016, ApJ Suppl Ser, 223, 13, pp13

- Livadiotis & Desai, 2016, ApJ, In Press

- Nature News, doi:10.1038/nature.2013.13159



Phase Space cell:
APAX ~ h

How would the faws of
physics act in systems,
where the information
cannot be exchanged in
phase-space parcels smaller
than some 7. (>h) ?

These long-lived correlations (collisionless plasmas) could be responsible
Jfor generating a large scale phase space elementary cell: h.

This can be realized when
there 1s connection between 3
the information of different T i -
h-cells 1, 2, 3... ' - e ==

CORRELATIONS

Livadiotis, 2015, J Phys Conf Ser, 577, 012018, pp7



Large-Scale Quantization:
The energy-frequency relation

(a) The smallest energy that is transferred from uncorrelated
particles Is ~%i-w,,. This creates a quasi-particle, e.g., a photon.

(b) For correlated particles, the smallest energy that can be
transferred Is ~7..ew,. The quasi- partlcle IS typically a plasmon.

- ®) ot
‘o7 @t a
* @
G" \:% PR
& a
photon
;e o) .,,,
@ \.:[.=
L Y®
E-& y

Pk

Livadiotis & McComas, 2014, J Geophys Res, 119, 3247



Methods for finding the value of A.
Observation methods - data analyses

Correlated particle mean energy / plasmon frequency

& 1c -~ %a)pl_l ~ 510

Le., h* = & /a)pl N (%mumsz) (%/?’D /(9)

he | Kot BTy
or... " m+m.’ 2e *, Vili ™7ele

h.=~0.071n2B% +2.45yn T




Example: Ulysses data

Ulysses measurements of the solar wind, a largely
proton-electron plasma, reveal a constant 7.,

even over a broad range of heliocentric distances and
heliolatitudes from -80° to +80°.

-18 -17.5 -17 2 3 .
log & () Fav)

log#.[J-s]=-21.92+£0.15

Livadiotis & McComas, 2013, Entropy, 15, 1118



P b " s
Prap— 19. T . ;'.?-‘
-
L w SO S
- ' et p ;
- ' 3 P -

Constant 4. throughout the heliosphere

Typical plasma parameters and 7. values

for various space plasmas of different r.
Constancy of the values of ¢ /w,=%. In contrast to
other plasma parameters Is apparent

(Each parameter is normalized to its maximum of the five samples)

n h. . B nT h T F n .
© =T '
N
S E o 15 5 D! 015
£ E B
O X
C @ 0 0.01 0.015 0.01;
N &
o2
£ o 1B 1E3 1E:3; 1E3;
o +~
© n
o 1E4 1E-4- 1E-4- 4 1E-4-
Solar Wind Magnetosphere Solar Wind Inner Heliosheath LISM
(Helios) (Cluster) (Ulysses) (Voyager/IBEX) (IBEX/HST)

Heliocentric Distance, I

Livadiotis & McComas, 2014, J Geophys Res, 119, 3247



NATURE | NEWS

Space plasmas share a secret

Superhot clumps of matter behave according to a surprisingly universal rule.

Physicists have discovered a fundamentally new way
to describe how information and energy flow within
plasmas — the seething hot seas of electrically
charged particles that make up the Sun, other stars

and much of the rest of the visible Universe.

The controversial idea comes from George Livadiotis
and David McComas, two physicists at the Southwest
Research Institute (SwRI) in San Antonio, Texas.
They had been exploring basic parameters of different
plasmas across the Universe, such as their
temperature, density and the strength of their

magnetic fields. From that information, the

Scientists have found a new way to describe the
conditions that exist in space plasmas, the seas
of electrically charged particles that make up the
Sun.

researchers calculated a new parameter, called h*,

that characterizes each plasma.

Using h*, the authors have set out the minimum energy contained in each group of particles and the

period of time for which that group exists.

“I really think George is on to something very significant,” says Nathan Schwadron, a space-plasma
physicist at the University of New Hampshire in Durham who was initially sceptical. “The question at the

moment is whether the idea is correct. | believe it is.”

Nature doi:10.1038/nature.2013.13159



The value of h.

A -

Svstems of

P e =

Correlated Particles
(Space plasmas)

Subatomic

Individual / Systems of -
Uncorrelated Particles

) * o e
-34 -32 -30 -28 -26 -24 -22 -20 -18 -16 Action [J-s]

(log scale)

-24 -23 -22 21
Waiting-time distributions | : / R

Entropic limit |

Non-equilibrium space plasmas :
: i Weighted-mean
Ulysses measurements T-z:'.»/h* Ng(1.2i0_4) 10-22 [Js]
Planck Quantization Large-Scale Quantization
h~10%4]s he~10%J-5
COLLISIONS CORRELATIONS
Thermal Equilibrium out of Thermal Equilibrium

(Maxwell Distribution) (Kappa Distribution)



Derivation of the magnetic field

7. =0.071n*B% +2.45yn*T = B =[14.197, n’ - 34.7ynT,

Solar wind Inner Heliosheath
- Ulysses measurements - - IBEX measurements -
1.0 -
0.8 - ~

Observational B @
Modeled B @

Normalized distribution

0 1 2 3 4 5 = 02 5= F
B (nT) B (uG)

Livadiotis, 2015, J Phys Conf Ser, 577, 012018, pp7



Derivation of the magnetic field (2)

(b) g~ erivation of B using: - ==
| BZTH® Gaussian superpostion|  GAUISSIAN superposition

§ 0.3 : ‘ of Polytropa -

Fl oL e of polytropic processes

; 0.2 RRARRE 1% SlogBhc =0.03 £ -

& 1 // T(n)=T*-(n/n*)a‘l-exp[—%azInz(n/n,,)]

£ N 08 \ . . .

2 01 ( SN } ﬂou . | Applying the Bernoulli integral
SHNAN l ‘m”imjm;rm.ﬂ,v,},m

Derivation of B using: h,
Large-Scale-Quantization

0.6

=
2
2
= S |loghrs)=-21.8420.08 [y log h [J+s] -21.84
= E hi [J-s] = (1.41£0.26)x10 ps = Ologns 0.63
< = 004- SN R
= PR =
E BERFRRRRA ° NRANE NS
=} ) AN o 18 GJ‘ 1 I N N
z RN [ S 0.2 NSNS
MR R o E R N
N SRR RN St ] N R S
4-.4"':-:;”:}}‘.;:' SRANACIA SNV N e SRR RRREEE N

3 4 5 sB'r 8 9 10 TR 7 G T e T T
Magnetic Field, B [nG] Large-Scale Quantization Constant, log /1,[J-s]

Livadiotis, 2016, ApJ Suppl Ser, 223, 13, pp13




A new type of quantization

Planck Quantization
- Fourier Analogue:

- Uncertainty Analogue:
AEAt>1h

- Quasiparticle:
(photons) & = h om

- Quantization:
i=1.1x10%Js

n.

Plasma Quantization

w, At = 3

(for some AE, At)
AE At > 17,

£=h.w, (plasmons)

~(1.2+0.1) x10 2 Js



7. Non-Euclidean Kappa Distributions




Generalized kappa distribution

Non-Euclidean-Normed Statistical Mechanics

George Livadiotis

Southwest Research Institute
San Antonio, TX-78238, USA

, kT, x,) 172
P(e;Ty;p, ko) = (ki 4*’/1 )
A(p,ko)

I p—2 :
{1+ nll + " (E—

where at the limit of high energy becomes

(;"BTQ/:{T*)_I/E [1 - 2l!
‘4(;')-h'o)

= _ I
kBTq 2

12

P(z; Ty p, ko)

Livadiotis, 2016, Physica A. 445, 240-255, pp16.




Conclusions

1. Introduction: What is the kappa distribution?
It replaces the classical Maxwell distribution for
particle systems out of thermal equilibrium.

2. Statistical Framework:
Tsallis statistics: g-Entropy & escort probability

3. Connection with Thermodynamics:
Well-defined temperature, thermal pressure, etc.

4. Properties of kappa distribution:
Velocity/Kin.Energy, Hamiltonian, N-particle, etc.

5. Applications in space plasmas
Heliosheath, Heliosphere, LQC, etc.
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