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1) A brief review of designing stellarator coils is presented. 
 

2) Some recent research is described.  
 

3) Outstanding research topics are suggested. 



For simplicity, restrict attention to vacuum fields. 
Vacuum field in given volume defined by boundary 
conditions. 



<begin physics> 
The Biot-Savart law gives “vacuum” magnetic field. 
<end physics> ! everything to follow is mathematics. 

NESCOIL, REGCOIL 

ONSET, COILOPT++, FOCUS 

? ? ? 



“The largest driver of the (NCSX) project cost growth were the 
accuracy requirements required for fabrication and assembly of the 
Stellarator core” 
[R. L. Strykowsky, T. Brown et al., 23rd IEEE/NPSS Symposium on Fusion Engineering, (2009)] 
 
“The magnetic field coils are among the most expensive components 
in any magnetic fusion system, and non-planar coils of a stellarator are 
particularly difficult to design and fabricate due to the need for 
precise three-dimensional shaping.” 
“Any advances in stellarator coil design an potentially have a 
significant impact on the cost and feasibility of fusion energy” 
[M. Landreman, Nucl. Fusion 57, 046003 (2017)] 



This is a “real world”, mathematically challenging 
problem. The optimal coil geometry is “ill-posed”. 

[M. Landreman, Nucl. Fusion 57, 046003 (2017)] 

This picture is easy for humans to understand, but it requires some care 
to explain to computers which coil geometry is preferred. 



Additionally, with “finite coils”, cannot generally  
get exactly the required field.  
So, instead, minimize an error functional. 



NESCOIL: Introduce external “winding surface” 
and continuous “current potential”. 
[P. Merkel, Nucl. Fusion 27, 867 (1987)] 



NESCOIL: Solving for the current potential on a given 
winding surface reduces to a linear equation. 



NESCOIL: High order Fourier harmonics on target 
surface require large Fourier harmonics on winding 



REGCOIL = REG-ularized nes-COIL: 
Include “smoothing” term into target function. 
[M. Landreman, Nucl. Fusion 57, 046003 (2017)] 

increasing regularization                                               decreasing regularization (NESCOIL limit) 



REGCOIL can control smoothing. 

But relevant engineering quantities,  
such as maximum radius of curvature, coil-coil separation, diagnostic access, . . .,   
not directly controllable using current potential methods. 



COILOPT: Coils represented as filaments on a 
prescribed winding surface. 



But why do we need a winding surface? 
FOCUS: 1st idea 
Coils = closed 1D curves free to move in 3D space.  
(A penalty on the length provides regularization.) 



FOCUS: 2nd idea 
Compute gradients analytically. 
(Variational calculus of line integrals gives the gradient of the 
penalized quadratic flux w.r.t. coil variations.) 



Steepest Descent can be used to find (local) minima. 
Continuous evolution gives implicit linking constraint. 

Flexible Optimized Coils Using Space (FOCUS) curves 
“New method to design stellarator coils without the winding surface”, 
Caoxiang Zhu, Stuart R. Hudson et al., Nucl. Fusion 58, 016008 (2017) 
 
FOCUS users = { PPPL, U. Wisconsin, NIFS, Zhejiang U.} 



Steepest Descent can be used to find (local) minima. 
Continuous evolution yields implicit linking constraint. 



FOCUS: 3rd idea 
Second derivatives allow fast algorithms / sensitivity 



Numerical problem is cast as a minimization FOCUS: 4th idea 
The quadratic-flux is an analytic function of surface. 



Numerical problem is cast as a minimization Ongoing Research: 
Can the target surface be varied to simplify the coils 
under the constraint of conserved plasma properties? 



Numerical problem is cast as a minimization Example: rotational-transform on axis depends on 
“ellipticity” of the boundary and torsion of axis. 



Numerical problem is cast as a minimization Rotational-transform and coil complexity depend on 
the ellipticity of the boundary and torsion of the axis. 



Numerical problem is cast as a minimization A circular cross-section with axis torsion gives simpler 
coils than a rotating ellipse with circular magnetic axis 



Numerical problem is cast as a minimization Another example:  
one purely elliptical, the other purely torsion; 
the same rotational-transform, one with simpler coils. 



Numerical problem is cast as a minimization We can use stellarator codes for tokamaks: 
given required normal field on boundary (from IPEC), 
what is the optimal geometry of the trim coils? 

3. Ongoing research involving:  
i. Nikolas Logan & 박종규 (Jong-Kyu Park),  
ii. 祝曹祥 & Stuart Hudson, and  
iii. 孙恬恬 (Tiantian Sun), 

Ph.D. student, Durham University, U.K. 



Numerical problem is cast as a minimization A lot we don’t know about designing vacuum fields!  
Any insights on any of the following will have an 
immediate impact on the stellarator community. 



1) Quadratic flux minimizing surfaces, 
R. L. Dewar, S. R. Hudson & P. F. Price, Phys. Lett. A 194, 49 (1994) 

 
2) FOCUS, Caoxiang Zhu, Stuart R. Hudson et al., Nucl. Fusion 58, 016008 (2017) 

 
3) Invited Talk, International Stellarator Heliotron Workshop (ISHW), 2017, C. Zhu et al. 

 
4) FOCUS (Newton method) 

Caoxiang Zhu, Stuart R. Hudson et al., Plasma Phys. Control. Fusion 60, 065008 (2018) 
 

5) FOCUS (Eigenvalue sensitivity) 
Caoxiang Zhu, Stuart R. Hudson et al., Plasma Phys. Control. Fusion 60, 054016 (2018) 

 
6) Selected Oral, International Sherwood Fusion Theory Conference, 2018, C. Zhu et al. 

 
7) Differentiating the coil geometry w.r.t. the target surface 

S. R. Hudson, C. Zhu et al., Phys. Lett A, under review (2018) 

Some relevant papers  



Variations in line integrals with respect to  
variations in the line: length 



Variations in line integrals with respect to  
variations in the line: length 



Variations in line integrals with respect to  
variations in the line: magnetic field 



Variations in line integrals with respect to  
variations in the line: magnetic field 



Variations in line integrals with respect to  
variations in the line: magnetic field 



Variations in line integrals with respect to  
variations in the line: magnetic field 



Variations in line integrals with respect to  
variations in the line: magnetic field 



common factor 

Variations in line integrals with respect to  
variations in the line: magnetic field 



Variations in line integrals with respect to  
variations in the line: magnetic field 



Variations in line integrals with respect to  
variations in the line: magnetic field 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 



Numerical problem is cast as a minimization Variations of surface integrals with changes in the 
surface: surface area and mean curvature 
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