Strong-flow gyrokinetics with a unified treatment of all length
scales
Amil Y. Sharma and Ben F. McMillan
Centre for Fusion, Space and Astrophysics, University of Warwick, UK

1. Brief review of strong-flow gyrokinetics

2. Unified equations

3. Numerical implementation and simulations

4. Conclusions and future work
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We are further developing this theory via an alternative derivation and general geometry, EM

extension (McMillan & Sharma, 2016).
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Weak-flow gyrokinetics (Dimits, 2012)

The weak-flow gyrokinetic ordering is
w ∼

ρt
u
ω
∼ kk ρt ∼
∼
 1,
Ω
LB
vt

which cannot be applied to all modern tokamak plasmas (and space plasmas) in
general due to the presence of strong flows, for which
u
∼ 1.
vt
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Strong-flow gyrokinetics 1 (Madsen, 2010)
The electrostatic potential can be split into
φ = φ0 + φ1 ,
with φ0 a large, long-wavelength component, and φ1 a small, short-wavelength
component.
However:
1. we have that tokamak turbulence exhibits interaction on all length scales;
2. this splitting introduces ambiguity into the energetically consistent computation of
a field equation via
∂L
= 0.
∂φ
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Strong-flow gyrokinetics 2 (Miyato et al., 2009)
By using a guiding-centre ordering,
k⊥ ρt ∼ gc  1,
qφ0
∼ −1
gc ,
T
and including φ0 in the guiding-centre transform,



1
1
X = x − b̂ × v⊥ + b̂ × ∇φ0 (X , t) + O 2gc ,
Ω
B
equations with the same form as those for weak flows in the k⊥ ρt  1 limit can be
recovered (although with the full Hamiltonian being more complex).
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Strong-flow gyrokinetics 3 (McMillan & Sharma, 2016)
The gyrokinetic ordering may be modified (Dimits, 2010) for strong-flows as
s ∼

ω
ρt
|∇ × u|
∼ kk ρt ∼
∼
 1,
Ω
LB
Ω

(1)

where v is defined to be in a frame moving with a velocity u.
• The eddy turnover time is ∼ |∇ × u|−1 , which means that, if
|∇ × u|
∼ 1,
Ω
then

ω
∼ 1,
Ω
thus, Ordering (1) appears to be a minimum requirement for a gyrokinetic theory.
• It is compatible with the MHD ordering, and similar to the Hasegawa-Mima
ordering.
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Strong-flow gyrocentre Lagrangian
The electrostatic, slab Lagrangian up to first order is



Γ = A(R) + vk b̂+u · dR + µdθ − 12 vk2 + µB+ 12 u 2 + hφi dt,
u = B −1 b̂ × ∇hφi,
where vk and µ are defined to be in a frame moving with velocity u.

As u appears outside the Hamiltonian, implicit time-dependence prevents application
of standard direct numerical schemes.
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Strong-flow Vlasov-Poisson system
The Vlasov-Poisson system obtained as a whole, directly from the gyrocentre
Lagrangian is
f,t + Ṙi f,i = 0,
Ṙ = vk b̂ + u + Bk∗−1 b̂ × u̇1 ,
v̇k = 0,
Z
0 = d6 Z δ(R + ρ − r )[Bk∗ f + B −1 ∇ · f u̇1 ],
where
u = B −1 b̂ × ∇hφi,
Bk∗ = b̂ · (B + ∇ × u),
u̇1 = (∂t + u · ∇)u
and we consider two-dimensional potential perturbations.
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Fluid correspondence
In the weak-flow and k⊥ ρt ∼  limits, our Vlasov-Poisson system yields the
Hasegawa-Mima equation,

d 
b̂ · ∇ × u − ln ne = 0,
dt
where

d
∂
=
+u ·∇
dt
∂t

and
ne = n0 e φ .
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Pull-back to original coordinates
For k⊥ ρt ∼ , the actual location of the particle is
Weak-flow representation:
x = R + ρ + B −2 ∇φ(R) + O(2 )
= R + ρ + O().
Strong-flow representation:
x = R + ρ + B −2 ∇[φ(R)−hφi] + O(2 )
= R + ρ + O(2 ).
And the fields are evaluated on the gyroring,
x 0 = R + ρ.
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Formal solution

The system Lagrangian is
Z


L = dZ0 f (Z0 )Lp Z (Z0 , t), Ż (Z0 , t), φ ,
Z


= dZ0 f (Z0 )Lp Z (Z0 , t), Ż (Z0 , t), φ(f , Żs ) .

• The formal solution is computationally intractable.
• Thus, we perform an iterative solution of the equations.
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Numerical scheme
We choose to use the δf particle-in-cell (PIC) method, with
f = f0 + δf .
We evolve our markers using an iterative method:
1. Take an initial RK4 step by neglecting the terms involving u̇1 ;
2. Compute a cubic spline representation of R(t) and δf (t) on the interval
[t, t + ∆t];
3. Compute u̇1 via R(t), δf (t) → n(t) → φ(t) → u(t) and finite differences;
4. Take an RK4 step including all terms using this estimated value of u̇1 .
5. Iterate to desired level of convergence.
Alternatively, a multistep or hybrid method could be considered.
11 / 18

Weak-flow code verification via the Kelvin-Helmholtz instability
We initialise
φ = A(sin ky y + 10−4 cos kx x).
Growth-rate spectra:
simulations (points);
semi-analytic (solid curve).
For comparison:
simplified, three-wave analytic
(dashed curve) assuming
|φk1 |  |φk2 | ∼ |φk3 |  |φkn |,
n 6= 1, 2, 3.
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Blobs (motivation)

(euro-fusion.org; Garcia, 2009)

evolve self-consistently with order unity fluctuation levels.
Time series of the plasma parameters at fixed radial positions are recorded and analyzed similar to the experimental
data [48–50].
For a large range of model parameters, the numerical simulations show intermittent eruptions of plasma and
heat into the scrape-oﬀ layer. An example of the structures
observed in these simulations is presented in Fig. 5. Associated with the blob structures are large amplitude bursts in

ral correlations and statistical distribution of th
density and turbulence-driven transport in the
layer [28–30].
Probe measurements in the TCV scrape
demonstrate that the fluctuations have univers
ties for a large variation in experimental contro
ters [26–31]. This is clearly demonstrated in F
7, which show the rescaled conditional averages
ability distribution functions of the particle den
scan in line-averaged density (ne measured in
and plasma current (Ip measured in kA). The
ity distribution functions of the particle density s
positively skewed and flattened due to the ma
amplitude bursts in the time series. When app
rescaled, the conditional averages and distribu
tions have similar shapes across both the density
rent scans. This strongly suggests that the sam
mechanism underlies the fluctuations in all these
regimes.

Fig. 5 Motion of blob-like structures in the particle density from
two-dimensional turbulence simulations. The vertical
line labeled ρ = 0 corresponds to the last closed flux
surface while the line labeled ρ = 1 corresponds to the
wall radius. The bottom panel follows a time 30/ωci after the top panel, where ωci = eB/mi is the ion gyration
frequency. The size of the simulation domain is 150 ρs
in the radial direction (horizontal axis) and 100 ρs in the
poloidal direction (vertical axis), where ρs = Cs /ωci .

Fig. 6 Conditionally averaged particle density fluc
TCV scrape-oﬀ layer for a scan in line-averag
and plasma current.

019-4
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Blobs (motivation)
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Blobs (model)

We simulate:
• Two-dimensional blobs;
• After blob formation and ∇B polarisation has transpired;
• Thus, we initialise a dipole potential.
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Strong-flow blob propagation depends on b̂ · ∇ × u
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Conclusions and future work
• A strong-flow gyrokinetic theory with a unified treatment of all length scales has
been developed and numerically implemented.
• The Vlasov-Poisson system is obtained as a whole, directly from our gyrocentre
Lagrangian, and has correspondence to fluid equations.
• We use an iterative numerical solution of our Vlasov-Poisson system.
• We see strong-flow symmetry-breaking that depends on the sign of the parallel
vorticity.
• Code verification has been performed with basic slab instabilities.
◦ Centrifugal and drift instability simulations are to be performed.
◦ A nonlinear Poisson solver is to be developed.
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Stand-alone Poisson solver
Features:
• Arbitrary-wavelength perturbations;
• Cubic B-spline finite-element discretisation;
• Slab and cylindrical geometries;
• Background density and temperature gradients;
• MPI parallelisation;
• Fortran source code;
• Based on the solver from the ORB5 code (Dominski et al., 2017).
Future features:
◦ Extension to three dimensions;
◦ Field-aligned geometry.
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Strong-flow Kelvin-Helmholtz instability of a shear layer

Analytic:
-ve vorticity (solid);
+ve vorticity (dashed).
Simulations:
-ve vorticity (dotted);
+ve vorticity (dot-dash).

