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The Scales of the Luminous Universe



The Vlasov-Maxwell System

�B

�t
+ � � E = 0

�0µ0
�E

�t
� � � B = �µ0J

where �z = (�x, �v) and � = (v, qs

ms
(E + v � B))

∇ ·B = 0

∇ ·E = ρc/ϵ0

J =
∑

s

qs

∫ ∞

−∞
vfs(t,x,v)dvρc =

∑

s

qs

∫ ∞

−∞
fs(t,x,v)dv

@f

@t
+rz · (↵f) = 0

This equation system is high-dimensional (up to 6 dimensions plus time)



A deep dive into phase space
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INTRODUCTION: Magnetic reconnection is
a physical process occurring in plasmas in
which magnetic energy is explosively con-
verted into heat and kinetic energy. The effects
of reconnection—such as solar flares, coronal
mass ejections,magnetospheric substorms and
auroras, and astrophysical plasma jets—have
been studied theoretically, modeled with
computer simulations, and observed in space.
However, the electron-scale kinetic physics,
which controls how magnetic field lines
break and reconnect, has up to now eluded
observation.

RATIONALE: To advance understanding of
magnetic reconnectionwith a definitive exper-

iment in space, NASAdeveloped and launched
theMagnetosphericMultiscale (MMS)mission
in March 2015. Flying in a tightly controlled
tetrahedral formation, the MMS spacecraft can
sample the magnetopause, where the inter-
planetary and geomagnetic fields reconnect,
and make detailed measurements of the plas-
ma environment and the electric andmagnetic
fields in the reconnection region. Because the
reconnection dissipation region at themagneto-
pause is thin (a few kilometers) and moves
rapidly back and forth across the spacecraft
(10 to 100 km/s), high-resolutionmeasurements
are needed to capture the microphysics of
reconnection. The most critical measure-
ments are of the three-dimensional electron

distributions, which must be made every
30 ms, or 100 times the fastest rate previously
available.

RESULTS: On 16 October 2015, the MMS tet-
rahedron encountered a reconnection site on
the dayside magnetopause and observed (i)
the conversion of magnetic energy to particle
kinetic energy; (ii) the intense current and
electric field that causes the dissipation of mag-

netic energy; (iii) crescent-
shaped electron velocity
distributions that carry the
current; and (iv) changes
inmagnetic topology. The
crescent-shaped features
in the velocity distributions

(left side of the figure) are the result of demag-
netization of solar wind electrons as they flow
into the reconnection site, and their accelera-
tion and deflection by an outward-pointing
electric field that is set up at the magnetopause
boundary by plasma density gradients. As they
are deflected in these fields, the solar wind elec-
tronsmix inwithmagnetospheric electrons and
are accelerated along a meandering path that
straddles the boundary, picking up the energy
released in annihilating the magnetic field. As
evidence of the predicted interconnection of
terrestrial and solar wind magnetic fields, the
crescent-shaped velocity distributions are diverted
along the newly connectedmagnetic field lines
in a narrow layer just at the boundary. This di-
version along the field is shown in the right
side of the figure.

CONCLUSION:MMShas yielded insights into
the microphysics underlying the reconnection

between interplanetary and terres-
trial magnetic fields. The persist-
ence of the characteristic crescent
shape in the electron distributions
suggests that the kinetic processes
causing magnetic field line recon-
nection are dominated by electron
dynamics, which produces the elec-
tric fields and currents that dissi-
patemagnetic energy. The primary
evidence for this magnetic dissipa-
tion is the appearance of an electric
field and a current that are parallel
to one another and out of the plane
of the figure. MMS has measured
this electric field and current, and
has identified the important role of
electrondynamics in triggeringmag-
netic reconnection.▪
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Electron dynamics controls the reconnection between the terrestrial and solar magnetic fields.The pro-
cess of magnetic reconnection has been a long-standing mystery. With fast particle measurements, NASA’s
Magnetospheric Multiscale (MMS) mission has measured how electron dynamics controls magnetic recon-
nection.Thedata in the circles showelectronswith velocities from0 to 104 km/s carrying current out of the page on
the left side of the X-line and then flowing upward and downward along the reconnectedmagnetic field on the right
side.Themost intense fluxes are red and the least intense are blue.The plot in the center showsmagnetic field lines
and out-of-plane currents derived from a numerical plasma simulation using the parameters observed by MMS.
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• We know the distribution function contains a wealth of data

• Obtaining a clean enough representation of the distribution function, and accessing 
this data is hard

• But well worth the effort since, for example, many energization mechanisms are most 
easily identified by the phase space structure they create

MMS electron data from Burch et al (2016).



The Gkeyll (and Hyde) Framework
“It is one thing to mortify curiosity, another to conquer it.”

https://github.com/ammarhakim/gkyl.git

• The Gkeyll framework is flexible suite of solvers for plasma physics 
being developed at the Princeton Plasma Physics Lab, UMD, Virginia 
Tech, General Atomics, and MIT

• Multiple Vlasov-Maxwell publications already:

• Physics

• P. Cagas, A. Hakim, J. Juno, B. Srinivasan. Continuum kinetic and multi-fluid 
simulation of a classical sheath, Phys. Plasmas (2017).

• I. Pusztai, J. M. TenBarge, A. N. Csapo, J. Juno, A. Hakim, L. Yi, T. Fulop. Low 
Mach-number collisionless electrostatic shocks and associated ion acceleration, 
PPCF (2018)

• V. Skoutnev, A. Hakim, J. Juno, J. M. TenBarge. Temperature Dependent 
Saturation of Weibel Type Instabilities in Counter-Streaming Plasmas, ApJL 
(2019)

• A. Sundstrom, J. Juno, J. M. TenBarge, and I. Pusztai. Effect of a weak ion 
collisionality on the dynamics of kinetic electrostatic shocks, JPP (2019)

• J. Ng, A. Hakim, J. Juno, A. Bhattacharjee. Drift Instabilities in Thin Current Sheets 
Using a Two-Fluid Model With Pressure Tensor Effects, JGR (2019)

• Algorithms

• J. Juno, A. Hakim, J. TenBarge, E. Shi, W. Dorland. Discontinuous Galerkin 
Algorithms for fully kinetic plasmas, JCP (2018). 

• A. Hakim, M. Francisquez, J. Juno, G. Hammett. Conservative Discontinuous 
Galerkin Discretization of Fokker-Planck Operators. Submitted to JPP (2019)

https://bitbucket.org/ammarhakim/gkyl/src/default/


The Discontinuous Galerkin Finite Element Method

• We choose to use the discontinuous Galerkin framework as our spatial 
discretization because it combines aspects of
• Finite elements: high order accuracy and ability to handle complicated 

geometries
• Finite volume: locality of data and stability enforcing limiters



The Discrete Vlasov Equation

Upwind fluxes are used for the streaming term and a relaxed global Lax-Friedrichs flux is used for the acceleration

• What does the discontinuous Galerkin discretization of the Vlasov equation look like?

• Consider a phase space mesh      with cells                                  . T Kj 2 T , j = 1, . . . , N

• Then the problem formulation is, find             , such that for all            ,  fh 2 Vp
h Kj 2 T

n · F̂ =
1

2
n ·

⇣
↵+

h (f+
h + f�

h )� ⌧ (f+ � f�)
⌘

<latexit sha1_base64="YKZqny+A+xOummc21tJSW8+FkCc="></latexit><latexit sha1_base64="YKZqny+A+xOummc21tJSW8+FkCc="></latexit><latexit sha1_base64="YKZqny+A+xOummc21tJSW8+FkCc="></latexit><latexit sha1_base64="YKZqny+A+xOummc21tJSW8+FkCc="></latexit>

note that the phase space flux is continuous at corresponding surface interfaces

fh(z, t) =

NpX

n

Fn(t)wn(z) Vp
h = {v : v|Kj 2 Pp, 8Kj 2 T },

<latexit sha1_base64="fdPb37Frt8ahv0epOFxM2NGZ59Q="></latexit><latexit sha1_base64="fdPb37Frt8ahv0epOFxM2NGZ59Q="></latexit><latexit sha1_base64="fdPb37Frt8ahv0epOFxM2NGZ59Q="></latexit><latexit sha1_base64="fdPb37Frt8ahv0epOFxM2NGZ59Q="></latexit>

where ⌧ = max
T

⇣ q

m
Eh +

q

m
v ⇥Bh

⌘

<latexit sha1_base64="R+i+WFMjlukNqIxVkrMHX2RtNiE="></latexit><latexit sha1_base64="R+i+WFMjlukNqIxVkrMHX2RtNiE="></latexit><latexit sha1_base64="R+i+WFMjlukNqIxVkrMHX2RtNiE="></latexit><latexit sha1_base64="R+i+WFMjlukNqIxVkrMHX2RtNiE="></latexit>

Z

Kj

w
@fh
@t

dz+

I

@Kj

w�n · F̂ dS �
Z

Kj

rzw ·↵hfh dz = 0
<latexit sha1_base64="lGf/eIzQuzMDYNBfCp7RbJQl6XU="></latexit>



The Discrete Maxwell Equations
∫

Ωj

φ
∂Bh

∂t
dx+

∮

∂Ωj

ds× (φ−Êh)−
∫

Ωj

∇φ×Ehdx = 0

ϵ0µ0

∫

Ωj

φ
∂Eh

∂t
dx−

∮

∂Ωj

ds× (φ−B̂h) +

∫

Ωj

∇φ×Bhdx = −µ0

∫

Ωj

φJhdx

Ê2 = !E2" − c {B3} Ê3 = !E3" + c {B2}

B̂2 = !B2" + {E3}/c B̂3 = !B3" + {E2}/c

{g} ≡ (g+ − g−)/2

!g" ≡ (g+ + g−)/2

or upwind fluxes

Êh = !E" B̂h = !B"

with central fluxes

Note that upwind fluxes are defined with respect to a local coordinate system where
subscripts 2 and 3 define the two directions tangential to the surface



Proving conservation relations

• The continuous Vlasov-Maxwell system has a number of conserved quantities
• Density
• Momentum
• Energy
• etc. 

• What conserved quantities does our spatial discretization retain?

• Can choose the test function carefully, as long as test function is in the solution space

X

j

Z

Kj

@fh
@t

dz+
X

j

I

@Kj

n · F̂ dS = 0

<latexit sha1_base64="BlQ1I9qniiVpNj5K79E7nFzoIPU="></latexit><latexit sha1_base64="BlQ1I9qniiVpNj5K79E7nFzoIPU="></latexit><latexit sha1_base64="BlQ1I9qniiVpNj5K79E7nFzoIPU="></latexit><latexit sha1_base64="BlQ1I9qniiVpNj5K79E7nFzoIPU="></latexit>

X

s

X

j

Z

Kj

1

2
ms|v|2

@fhs

@t
dz+

X

s

X

j

I

@Kj

1

2
ms|v|2n · F̂ dS �

X

s

X

j

Z

Kj

rz

✓
1

2
ms|v|2

◆
·↵hsfhs dz

| {z }
P

j

R
⌦j

Jh·Eh d3x

= 0
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Z

Kj

w
@fh
@t

dz+

I

@Kj

w�n · F̂ dS �
Z

Kj

rzw ·↵hfh dz = 0
<latexit sha1_base64="lGf/eIzQuzMDYNBfCp7RbJQl6XU="></latexit>



Conservation Relations

• The discrete system conserves total density

• The discrete phase space flow is incompressible

• Electromagnetic energy is conserved when using central fluxes, and bounded 
when using upwind fluxes

• The total energy is conserved when central fluxes are used for Maxwell’s 
equations

rz ·↵h = 0
<latexit sha1_base64="mSdCvJm/upk+Tbw4340kZzY23QE="></latexit><latexit sha1_base64="mSdCvJm/upk+Tbw4340kZzY23QE="></latexit><latexit sha1_base64="mSdCvJm/upk+Tbw4340kZzY23QE="></latexit><latexit sha1_base64="mSdCvJm/upk+Tbw4340kZzY23QE="></latexit>

X

j

d

dt

Z

⌦j

✓
✏0
2
|Eh|2 +

1

2µ0
|Bh|2

◆
d3x  �

X

j

Z

⌦j

Jh ·Eh d
3x

<latexit sha1_base64="hWNo1AfUNVcFldlzPLHlpNDvMUE="></latexit><latexit sha1_base64="hWNo1AfUNVcFldlzPLHlpNDvMUE="></latexit><latexit sha1_base64="hWNo1AfUNVcFldlzPLHlpNDvMUE="></latexit><latexit sha1_base64="hWNo1AfUNVcFldlzPLHlpNDvMUE="></latexit>

d

dt

X

j

X

s

Z

Kj

1

2
m|v|2fh dz+

d

dt

X

j

Z

⌦j

✓
✏0
2
|Eh|2 +

1

2µ0
|Bh|2

◆
d3x = 0
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A critical point: the importance of accurate integration

Z

Kj

w
@fh
@t

dz+

I

@Kj

w�n · F̂ dS �

Z

Kj

rzw ·↵hfh dz = 0 ! O(NqNp)
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• A subtlety to the discretization of the Vlasov-Maxwell system is our conservations 
relations are implicit and require that certain integrals are computed exactly

d

dt

X

j

X

s

Z

Kj

1

2
m|v|2fh dz+

d

dt

X

j

Z

⌦j

✓
✏0
2
|Eh|2 +

1

2µ0
|Bh|2

◆
d3x = 0

<latexit sha1_base64="sDffwf+jdXNAXlizALZnaC0b/3o="></latexit><latexit sha1_base64="sDffwf+jdXNAXlizALZnaC0b/3o="></latexit><latexit sha1_base64="sDffwf+jdXNAXlizALZnaC0b/3o="></latexit><latexit sha1_base64="sDffwf+jdXNAXlizALZnaC0b/3o="></latexit>

• This is different than standard fluid algorithms, where errors in the integration (aliasing 
errors) are often tolerated:

• Exactly integrating the terms in the Vlasov equation with numerical quadrature is a 
nontrivial cost

@⇢

@t
+r · (⇢u) = 0

@⇢u

@t
+r · (⇢uu) = �rp+ F

u =
X

k

uk(t)�(x) ! u =
⇢u

⇢
=

P
j Mj(t)�(x)P
i ⇢i(t)�(x)

<latexit sha1_base64="KOaorUcG55dI8zfs/vQTrwKHpIc="></latexit>



Orthonormal bases to the rescue

• The fundamental operations in our algorithm can be thought of as tensor-tensor 
products, for example the volume term for the Lorentz acceleration:

• Naively, this tensor has between            and         components, and that’s not any 
better than direct quadrature..

NcN
2
p

<latexit sha1_base64="Esu9zz+oBzEnzFq7uiYpRr8PBXk="></latexit><latexit sha1_base64="Esu9zz+oBzEnzFq7uiYpRr8PBXk="></latexit><latexit sha1_base64="Esu9zz+oBzEnzFq7uiYpRr8PBXk="></latexit><latexit sha1_base64="Esu9zz+oBzEnzFq7uiYpRr8PBXk="></latexit>

• But we could choose our basis expansion to be a modal, orthonormal expansion

• Then these tensors would be sparse and we could do sparse tensor products!

• Note that for a tensor product basis, this would correspond to a basis of Legendre polynomials

N3
p

<latexit sha1_base64="wYHfJc+NrEjLtg9XTZA8Cyt09qc="></latexit>

Z

Kj

rzwl ·↵hfh dz =
X

m,n

 Z

Kj

wmwnrzwl dz

!

| {z }
Clmn

·↵mfn

<latexit sha1_base64="odvMDTiXHtnTYCA/cniYAscl4Ug="></latexit>



Making the update efficient using Maxima

• For reference, this update is ~250 multiplications with a nodal basis (now ~70)

outl =
X

m,n

Clmn ·↵mfn
<latexit sha1_base64="ShPC/MTmNhkUFJaBy/AImA6FJTM="></latexit>



Scaling of the update

• Key takeaways 

• This is the scaling of the full update, not the update per dimension

• The cost saving is thus ~           ~ 20 in 2X3V
dNq

Np
<latexit sha1_base64="c8+4V+EDyhcGDuWVGN+3ynVHb7U="></latexit><latexit sha1_base64="c8+4V+EDyhcGDuWVGN+3ynVHb7U="></latexit><latexit sha1_base64="c8+4V+EDyhcGDuWVGN+3ynVHb7U="></latexit><latexit sha1_base64="c8+4V+EDyhcGDuWVGN+3ynVHb7U="></latexit>

red = tensor

blue = serendipity

black = max-order

red = tensor

blue = serendipity

black = max-order



Let’s do some physics!



How to understand plasma energization?

@fs
@t

+ v ·rxfs +
qs
ms

(E+ v ⇥B) ·rvfs = 0
<latexit sha1_base64="lUrp1yB840j2quxdkRn+3JnnCx4="></latexit>

@Es
@t

+rx ·
⇣
Esus + us ·

 !
P s + qs

⌘
= nsqsus ·E

<latexit sha1_base64="E2Sc9XEy8cUoDmylHghgdP7IMiY="></latexit>

C(x,v, t) = �qs
|v|2

2
E(x, t) ·rvfs(x,v, t)

C(x,v, t, ⌧) = �1

⌧

Z t+⌧

t
qs
|v|2

2
E(x, t0) ·rvfs(x,v, t

0) dt0

<latexit sha1_base64="TpDI1ijUkMZS0QYzZF61+zLafFk="></latexit>



Field-Particle Correlation [Howes, Klein, & Li JPP 2017]

�n/n0 = 0.005
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(nx, nv) = (32, 64), p = 2
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Lx = 4⇡�D
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�10vte  v  10vte
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C(v,t,τ=10)
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Single point spacecraft electron data from Earth’s magnetosheath

hC⌧=0(f,E)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hC⌧=0(�f,Ef>1Hz)i
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Resonant velocity

FPCs in spacecraft [Chen et al Nature Comm (2019)]



Other applications? (Figure adapted from Chen et al. 2018 PRL)
(a) Consecutive distribution functions in 30 second intervals (b) Sample distribution functions from the main ramp of the shock



Building the Field Particle Correlation Rosetta Stone
B(t = 0) = B0ẑ, E(t = 0) = �u⇥B = UxB0ŷ

<latexit sha1_base64="UgDI9m5CNRvvR+0aWQ+MO+utQIg="></latexit>

Ux = �3vA, ! r ⇠ 2.5, Ushock =
Ux

r � 1
⇠ 2vA

<latexit sha1_base64="joToNi6INVahn9iKAgjGGeuQLfY="></latexit>



Field-Particle Correlation at fixed time



Highlighting the energization signature



Intuition from single particle motion
• Protons E x B drifting into a magnetic field gradient can sample both the upstream and 

downstream, leading to net energization - shock drift acceleration 

• Video courtesy of NASA Scientific Visualization (Tom Bergman): https://svs.gsfc.nasa.gov/4513

https://svs.gsfc.nasa.gov/4513


~500 kpc

~200 kpc

Abell 2199
Galaxy Clusters

The universe is magnetized..



The universe is magnetized..

ion Larmor orbit 
if  B ~ 10−18 G

200 kpc
ion Larmor orbit 
now, with B ~ μG
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likely dynamo!
but dynamo requires 

a seed field..

But how did it get magnetized?



One seed field candidate: filamentation instability

• In 2D, two-stream and filamentation can 
compete with each other

• In addition, oblique modes can be present

• When drifts non-relativistic, many of these 
modes all have similar growth rates, the 
ultimate nonlinear evolution will involve a 
competition between these instabilities

• Need to consider non-relativistic limit to 
be relevant for reionization epoch

T ⇠ 104 � 106 K,

vshock ⇠ 102 � 104 km/s
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filaments via the secular WI. This behavior results in a complete
lack of magnetization, òB10−5, in the nonlinear saturation
phase of colder beams and typically reported values of òB∼10−2

for hotter beams.

2. Problem Setup

We work in the framework of the Vlasov–Maxwell system.
The Vlasov equation for species s is given by
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where fs= f x y v v t, , , ,s x y( ) is the species distribution function
and E E x y x E x y y, ,x y= +( ) ˆ ( ) ˆ and B B x y z,z= ( ) ˆ are the
electric and magnetic fields that are evolved using Maxwell’s
equations.

The initial plasma flow is modeled as two uniform density
electron streams with opposite flow speeds u d in the y direction,
allowing for the study of the purely reactive ( Im 0w w= >[ ] )
form of the FI. The beams are neutralized by a uniform
background of ions. The distribution function at t=0 for
electrons is given by
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where v k T mB e eth = .
The counter-streaming motion provides the free energy

source that drives the TS, Oblique, and filamentation
instabilities, which convert kinetic energy into electric and
magnetic energy. TS and FI modes generate primarily
electrostatic and magnetic energy, respectively, while Oblique
modes qualitatively develop as a mixture of the two
instabilities.

To study this problem in the nonlinear regime, we perform
continuum kinetic simulations in two periodic configuration
space dimensions and two velocity dimensions (2X2V) using
the Gkeyllframework (Juno et al. 2018). Gkeylluses the
discontinuous Galerkin method for spatial discretization and a
strong-stability preserving Runge–Kutta method for time
stepping to solve the full Vlasov–Maxwell system in the non-
relativistic regime.

3. Linear Theory

We define the angle θ of the wave vector k from the x-axis so
that θ=0° corresponds to pure FI modes, θ=90° to pure TS
modes, and any angle in between to Oblique modes.
Linearizing the Vlasov–Maxwell system gives the general
dispersion matrix
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We find that using k aligned coordinates gives the simplest

representation of D, i.e., rotating the original coordinates by
angle θ. Substituting f e0, into the general dispersion matrix and

neglecting the ion contribution then gives
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where Z(ξ±) is the plasma dispersion function with x =o
ku

kv

sin
2

d

th

w qo . Eigenmodes of the system correspond to solving det

(D)=0 for ω with corresponding eigenvectors satisfying
ER DR 0T = , where R is the matrix for rotation by angle −θ.

At any given vth and u d, there will be a fastest-growing mode
at some kk = ∣ ∣ and θ. As seen in Figure 1, the fastest-growing
mode transitions from θ=0° to θ=90° in the weakly
relativistic region c u c0.1 0.5d1 1 . The TS growth rate
dominates that of the FI for u c0.1d 1 , because the FI is an

Figure 1. Top panel: contour plot of the angle of the fastest-growing mode in
the parameter space of v udth and u d/c. θ=90° corresponds to pure TS and
θ=0° to pure FI modes. Red crosses correspond to the four simulations
presented. Bottom panels: growth rates versus wavenumber of different modes
for the hot (right panel) and cold (left panel) cases at u c0.1d = .
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electromagnetic instability, generally growing by a factor of
O u cd( ) slower. While for u c0.5d > , the FI growth rate
dominates; however, at these flow velocities relativistic effects
become significant and the non-relativistic dispersion relation
from Equation (5) provides only qualitative results.

In the transition region, most of the modes have growth rates
roughly within a factor of 3–4 of each other. While the fastest-
growing mode will reach saturation first, the other modes can
continue to grow approximately at their linear rates, because
the nonlinear saturation stage of the dominant mode may not
have had enough time to significantly alter the property of the
initial distribution function driving the instability. For example,
TS saturation may scatter the distinct counter-streaming
motions that drive the FI, but an effective temperature
anisotropy capable of driving the secular WI may remain. This
competition leads to interaction between the nonlinear stages of
many of the modes, hence the final steady state can be different
than simply the steady state of the fastest-growing mode alone.

4. Simulation Results

To study the simultaneous competition of TS, Oblique, and
FI modes, we initialize a bath of electric and magnetic
fluctuations with random amplitudes and phases, e.g.,
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Ex(t= 0) and Ey(t= 0) are initialized similarly, and they are
given equal average energy densities, E E2 2x y0
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We present the results of four simulations, shown by the red
crosses in Figure 1, where we fix the drift velocity at u c0.1d = ,
but vary the temperature of the beams by choosing
v u 0.1, 0.175, 0.25, 0.5dth Î { }. The box sizes, respectively,
are L d 2.7, 3.8, 4.4, 7.7x e Î { } and L d 3.1, 4.0, 4.8,y e Î {
6.3}. Box sizes L k2x FI

maxp= and L m k2y TS
maxp= are chosen

to be roughly equal L Lx y» while fitting a single fastest-growing
wavelength of FI and an integer number, m k kTS

max
FI
max» , of TS

wavelengths. All simulations used the Serendipity polynomial
basis of order 2 for phase space discretization (Arnold &
Awanou 2011; Juno et al. 2018). The evolution of the magnetic
( B� ) and electric (òE) energy densities normalized to the initial
kinetic energy is shown in Figure 2 as solid lines for 2X2V with
random initial modes and as dashed lines for 1X2V with pure 1X
FI initial modes at the same beam parameters.

In all 2X2V simulations, a combination of TS and multiple
Oblique modes exponentially grow the fastest during the linear
phase, as predicted by the linear growth rates in Figure 1, and
then are the first to saturate. The presence of electromagnetic
Oblique modes is indicated in Figure 2 by the exponential growth
of both electric and magnetic energy, as pure TS modes would
appear only as growing electric energy. The simultaneously
present FI modes grow much more slowly, and during the linear
phase are comparable to the pure FI modes in 1X2V shown as
dashed lines in Figure 2. Following saturation, the nonlinear
interaction of potential wells formed by the saturation of two-
stream and Oblique modes, the tilted current filaments of Oblique
modes, and the vertical current filament formation associated
with the potentially still-growing FI become dominant.

The nonlinear dynamics forming or disrupting current
filaments are strongly temperature dependent. Figure 3 shows
spatial snapshots of Ey and Bz for the (upper panels) hot,
vth/u d=0.5, and (lower panels) cold, vth/u d=0.1, cases
during and long after the time of saturation. In the post-
saturation phase of the hot case, the horizontally varying Bz

associated with vertical current filaments is dominantly visible
and steady in time (Figure 3(d)), while in the cold case Bz is
spatially disorganized and strongly fluctuating in time
(Figure 3(h)). We find that a qualitatively similar pattern
occurs for u c 1 30, 0.25, 0.4d Î { }. Note that u d/c=1/30 is
the upper limit of intergalactic plasma drift velocities relevant
to cosmological scenarios and cosmological magnetic field
generation (Miniati 2002; Schlickeiser & Shukla 2003; Lazar
et al. 2009).
In all cases, the electric energy quickly grows, saturates, and

then rapidly decreases. In Figure 4 we plot different parts of the
phase space before and after the disruption of the electric
energy for the same hot and cold cases shown in Figure 3. In
the hot case, near the time of saturation, clear 2D electron tubes
form (Figure 3(a)) due to the fastest-growing wavelength of the
TS y-varying Ey extending in the x direction, which appear as
1X electron holes, or BGK modes, in the Y versus Vy cut at a
fixed X value shown in Figure 4(a). The 2D electron tubes are
slightly skewed due to the simultaneously growing, albeit
slower, Oblique modes. TS saturation creates a plateau in the
Vy direction of the velocity distribution function (Figure 4(d)),
leaving an effective temperature anisotropy from which the
now-secular Weibel instability can grow. In Figure 5, we find
that the spatially averaged temperature anisotropy, Ā, drops
from A 5=¯ at tωpe=40 just before saturation to A 3»¯ at

Figure 2. Growth and saturation of magnetic (top panel) and electric (bottom
panel) energies normalized by the initial kinetic energy for beams with drift
velocity u c0.1d = at different temperatures. Solid lines correspond to 2X2V
with initial random modes, while dashed lines correspond to 1X2V with pure
FI modes.
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Ex(t = 0) and Ey(t = 0) are initialized similarly
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Geometry and Initial Condition



The “hot” case
vthe/ud = 0.5
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The “cold” case
vthe/ud = 0.1
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The energy exchange
• In the “hot” case, the energy exchange is dominantly 

in one velocity dimension, resulting in a net 
temperature anisotropy

• In the “cold” case, the energy exchange is more 
isotropic, leading to the collapse of the magnetic field



Evolution of the electromagnetic energy

Transition occurs at 
vthe/ud < 0.2
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Comparing to the Particle in Cell Method



blue = 12 ppc

green = 120 ppc

red = 1200 ppc

black = 12000 ppc

Thermal fluctuations in the magnetic field



PIC “cold” data, 12000 particles per cell
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PIC “cold” data, 12 particles per cell
t = 35!�1
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Summary and Future Outlook
• Some remaining numerical challenges (subdominant issues, but would be nice to fix) 

• Divergence errors — can be mitigated with better Riemann solver for Maxwell’s equations? Some 
subtlety in the function space the current lives in

• Realizability errors — distribution function can go negative, limiters on the Vlasov equation 
challenging because they might destroy implicit conservation relations

• Having access to a noise-free distribution function provides unparalleled access to the details of phase 
space dynamics 

• Gkeyll is a powerful and useful tool for the solution to kinetic equations
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Momentum Non-Conservation
∫

Kj

w
∂fh
∂t

dz+

∮

∂Kj

w−n · F̂ dS −
∫

Kj

∇zw · αhfh dz = 0

∫

Kj

mv
∂fh
∂t

dz+

∮

∂Kj

mvn · F̂ dS −
∫

Kj

∇z (mv) · αhfh dz = 0

∑

j

∑

s

∫

Kj

msv
∂fh
∂t

dz−
∑

j

∫

Ωj

ρchEh + Jh ×Bh dx = 0

�

j

�

�j

d

dt

�
�

s

�msv�s + �0E � B

�
+ �

�
�0
2

|Eh|2 +
1

2µ0
|Bh|2

�

� � ·
�

�0EhEh +
1

µ0
BhBh

�
dx = 0



Choosing a basis set
• Key algorithm question: what sort of basis set should be chosen?

• Common choice: tensor product basis
• Other choices: reduced basis sets like the Serendipity Element space, or maximal order basis

Ntensor = (p+ 1)d Nserendipity =

min(d,p/2)X
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Defining the basis set

• When constructing the basis function expansion within the cell, it is common in the DG 
community to employ a nodal basis, where nodes are specified on a reference cell and 
basis functions take the value of 1 at one node and zero at all other nodes

• We’ve chosen a basis set, but monomials may not be the best basis function 
expansion in the cell
• Monomials lead to a poorly conditioned mass matrix
• Clever choice of polynomials may have favorable computational properties



Scaling in parallel

• The Vlasov solver leverages functionality in MPI-3 to attain better scaling on modern 
supercomputers

• MPI-3 shared memory directives allow sharing of memory across compute nodes 
and can exploit hyper-threading, similar to MPI+OpenMP hybrid parallel models

• Additional MPI-3 functionality such as MPI Datatypes, MPI Neighborhood 
Collectives, allows for an optimal synchronization algorithm



Numerical Demonstration of Conservation

• An initial density profile, coupled with a flow in both the protons and electrons, 
drives strong asymmetric flows

n(x, t = 0) = n0(1 + exp(��l(x� xm)2)) x < xm,

= n0(1 + exp(��r(x� xm)2)) x > xm,



Energy conservation



Momentum conservation



What about protons?



vthe/ud = 0.1, mp/me = 64,

Tp = Te, ude = udp ! Ep � Ee
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Proton dynamics



vthe/ud = 0.1, mp/me = 64,

Tp = Te, ude = udp ! Ep � Ee
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Proton dynamics
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Proton dynamics



vthe/ud = 0.1, mp/me = 64,

Tp = Te, ude = udp ! Ep � Ee
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Proton dynamics


