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Overview

•Introduction.

•Self-organizing knots.

•The Hopf field.

•Ideal equilibrium.

•Resistive evolution. 

Approximations: 
Resistive MHD

Ideal MHD
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Magnetic Helicity

• Conserved quantity in ideal MHD.

• Helicity is a topological quantity: it 
measures the self- and interlinking and 
knotting of magnetic field lines (Moffatt).

• In frozen-in condition, topological 
quantities cannot change.

Woltjer, L. (1958). A theorem on force-free magnetic fields. Proceedings of the National Academy of Sciences of the 
United States of America, 44(6), 489.
Moffatt, HK. "The degree of knottedness of tangled vortex lines."Journal of Fluid Mechanics 35.01 (1969): 117-129.
Arnold, V. I. The asymptotic hopf invariant and its applications. In Vladimir I.
Arnold-Collected Works, 357–375 (Springer, 1974).
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Magnetic relaxation

• Lorentz force: 

• Taylor conjecture: Force-free state with 
exactly the same helicity:

• Rapid reconnection redistributes helicity. 

• Woltjer: For a given helicity and 
boundary conditions, the force-free 
state is the lowest-energy configuration.

• What happens to helicity when there is no 
boundary?

Taylor, J. B. (1974). Relaxation of toroidal plasma and generation of reverse magnetic fields. Physical Review Letters, 33(19), 1139.
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Localized helical field

• PENCIL-CODE: high order finite difference code for solving 
the MHD equations.

• Resistive, viscous, compressible, isothermal plasma 
evolution.

• Two to six rings. 

• Internal twist T: 0 to 4.4 turns per ring. 
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On the Lorentz Force in a flux ring

• The Lorentz force can be decomposed into 
two parts, magnetic tension and magnetic 
pressure.

• Flux rings contract and fatten.

• Current rings thin and expand.  
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Decay of magnetic energy

# of rings

Different twist
(n=3)
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Equilibrium

The Lorentz force is balanced by 
the gradient in pressure.

Lower pressure on the magnetic 
axis.

High external pressure (high plasma 
beta).

Pressure

11

Lorentz force

Pressure force
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Poincaré plot

• Large region of field lines forming 
nested toroidal structure

• Magnetic islands at rational 
surfaces.

• Nearly constant rotational 
transform.

12
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Recap

• Self-organization to a toroidal MHD 
equilibrium . 

• Lowest pressure on magnetic axis.

• The rotational transform is nearly constant 
on all magnetic surfaces.

• Magnetic field topologically identical to 
famous structure: the Hopf fibration.
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The Hopf fibration

• Discovered in 1931 by Heinz Hopf.

• Essentially the structure of maps 
(continuous functions) from the 
hypersphere to the normal sphere.

• Breakthrough in Topology. 

• A way to construct the hypersphere out of 
circles that are all linked. 

• Applications include: liquid crystals, 
textures in condensed matter and HEP, 
BEC, knots of light, and now MHD.

Tkalec, U. et al. Recongurable knots and links in chiral nematic colloids. Science 333, 62–65 (2011).
Witten, E. Quantum eld theory and the jones polynomial. Communications in Mathematical Physics 121, 351–399 (1989).
Hall, D. S. et al. Tying quantum knots. Nature Physics (2016).
Rañada, A. F. A topological theory of the electromagnetic eld. Letters in Mathematical Physics 18, 97–106 (1989).
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Constructing a field

• Use stereographic projection to extend the 
Hopf map to

• Construct a function :

• Construct a vector field: 

• This field is everywhere tangent to the 
fibers of the map

15
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The structure of the Hopf map

• Field lines all lie on nested toroidal 
surfaces.

• Rotational transform          on all surfaces. 

• Magnetic field zero at infinity (localized).
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Ideal Relaxation

• We know that the self-organized field has 
the same topology as the Hopf field. 

• How do these fields relate geometrically?

• Use the newly-developed ideal relaxation 
code GLEMuR. 

17/03/2017
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Smiet, C. B., Candelaresi, S., and Bouwmeester, D. (2016). Ideal Relaxation of the Hopf Fibration. Physics of Plasmas, under review.
Candelaresi, S. Glemur. https://github.com/SimonCan/glemur (2015). URL https://github.com/SimonCan/glemur.
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Initial forces

• Lorentz forces in the Hopf field are rotational.

18
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GLEMuR

Calculate 
forces

Move 
Grid

Calculate 
magnetic 

field

Chris Smiet - QO Seminar 21 Nov 2016

19



20

Ideal relaxation of the Hopf
fibration

Chris Smiet - QO Seminar 21 Nov 2016
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Chris Smiet - QO Seminar 21 Nov 2016
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Chris Smiet - QO Seminar 21 Nov 2016
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Magnetic field strength

• Through perpendicular  
expansion the magnetic pressure 
drops significantly. 

Chris Smiet - QO Seminar 21 Nov 2016

23
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Field lines and surfaces of constant 
pressure
• Magnetic field lines lie on surfaces of 

constant pressure. 

• Through expansion, a toroidal region of 
lowered pressure is created. 

• Field lines lie on surfaces of constant 
pressure. 

24
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Recap

• Using the Hopf fibration we construct a 
vector field everywhere tangent to the fibers
of the map. 

• Field lines lie on nested toroidal surfaces. 

• The rotational transform is constant on all 
surfaces

• Magnetic field is localized

• Geometrically these two fields differ: ideal 
relaxation shows how the Hopf field 
deforms to attain equilibrium.  

• Toroidal region of lowered pressure is 
created. 

• External pressure prevents structure from 
expanding. 

17/03/2017
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Resistive evolution

• Ideal evolution helps understand the 
equilibrium, but not the whole picture.

• Look at the evolution of the equilibrium on 
a resistive time scale. 

• What about those islands?

• What happens to the rotational transform 
in time?

• Start with a single flux tube.

17/03/2017
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Initial condition

• Single twisted flux tube. 

• Axisymmetric.

• This initial condition relaxes much less 
chaotically than the linked rings.

• Allows us to vary resistivity, magnetic field 
strength over a much larger range. 
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Time evolution

• Initial plasma  

• Ring contracts, reaches equilibrium. 

• Subsequently structure slowly grows. 

• Rotational transform slowly lowers.

• Field remains axisymmetric.
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Rotational transform profile in time

• Start with a highly curved rotational 
transform profile

• Profile quickly becomes flat. 

• Magnetic diffusion makes structure 
spread out.

• Location of magnetic axis slowly 
changes.
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Structure in time

• Same field strength, different resistivity. 

• Universal evolution mechanism. 

• Faster decay of poloidal magnetic field: 
rotational transform lowers. 

• Toroidal current experiences higher 
resistivity than poloidal current. 
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Pfirsch-Schlüter diffusion

• Finite resistivity: slow diffusion in direction 
of pressure gradient. 

• In tokamak known as Pfirsch-Schlüter
diffusion. 

• Diffusion directed towards magnetic axis.

• Allows magnetic structure to grow. 

• During growth structure remains in 
equilibrium. 
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Lower resistivity.

• Resistive evolution largely independent of 
resistivity. 

• At low resistivity this pattern is broken. 
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Magnetic structure
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A wild kink appears!

34

Kink remains at a 
stable amplitude
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When rotational transform =2, 
perturbations break up resonant 
magnetic surface
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1) Nonaxisymmetric perturbation

• Magnetic axis becomes 
kinked. 

• Hypothesis: inflow of fluid 
onto magnetic axis, too 
high pressure. 

• No resonant surfaces 
present in configuration. 
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Core exchange

•
surface present.

• Magnetic island forms on 
resonant surface. 

• Since rotational transform 
continuously lowers, core-
exchange is one-off event. 
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Return to axisymmetry

• Rotational transform in 
entire structure below 
resonance. 

• Magnetic field strength 
has lowered. 

• Field returns to 
axisymmetric 
configuration. 
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Conclusions

• Resistive relaxation self-organizes into a localized toroidal 
structure.

• MHD equilibrium with lowered pressure on the magnetic 
axis.

• Magnetic topology identical to the Hopf fibration.

• Ideal relaxation shows difference in geometry. 

• Structure grows slowly on a resistive time scale. 

• Susceptible to nonaxisymmetric deformation, magnetic 
islands, and core-interchange.  

39
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Thank you
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The Hopf map

• Map from the Hypersphere  to the sphere.

• The normal sphere       can be identified 
with                  through stereographic 
projection  

• Let’s try the simplest function we can 
imagine: 
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Fiber structure

• This map is many-to-one; the collection of 
points in S3 going to a single point p of S2 is 
called the fiber f over p.

• Every fiber of the Hopf map is a circle!

42
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The structure of the Hopf map

• Fibers are integral curves (field lines) of the 
following field: 

• The fibers all lie on nested toroidal 
surfaces.

• When interpreted as a magnetic field: 
nested toroidal magnetic surfaces.

• Magnetic field zero at infinity (localized).
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Adapting the Hopf map

• The Hopf maps toroidal ‘magnetic surfaces’ 
have a constant rotational transform of 1. 

• We can adapt the hopf map:

• Modified exponentiation! Only phase of 
complex number is multiplied with 

• Every fiber is a torus knot.

• Same toroidal surfaces. 
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Extra slide: Trefoil

17/03/2017
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Extra slide: Borromean rings

17/03/2017
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