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(1) For η|| sufficiently small, a magnetic field undergo-
ing a generic evolution will transition after a trigger time,
τtrig ∝ 1/||~∇~u||, into a state in which reconnection proceeds at
an Alfvénic rate no matter how simple the initial state; ~u is the
evolution velocity of the magnetic field lines. Only c/ωpe need be
non-zero. Effect absent in two-coordinate models.

(2) Fast reconnection relaxes ~∇(j||/B) but conserves magnetic helicity since
< ~E · ~B >= 0. This releases a definite amount of magnetic energy in an Alfvén
time into Alfvén waves, which are damped on the plasma (Similon-Sudan effect).
< ~E · ~B >= 0 makes particle acceleration subtle.

(3) For a dominant guide field (reduced MHD), j||/B has an evolution equation of the
same form as the well-known equation for exponentially enhanced mixing by
large-scale stirring in fluids. Only two spatial coordinates are required for enhanced fluid mixing, but three for

exponentially enhanced reconnection.



What Prevents Magnetic Field Lines from Changing Connections
Where ~B 6= 0, the electric field can always be written (Newcomb 1958)

~E + ~u× ~B = −~∇Φ, where
dΦ

d`
= −E||.

In Clebsch coordinates ~B = ~∇α × ~∇β; the magnetic field line velocity ~u is defined by
dα/dt = ∂α/∂t + ~u · ~∇α = 0; differential distance along ~B is d`.

When a well-behaved Φ exists, field lines do not break, and

∂ ~B

∂t
= ~∇× (~u× ~B). Let ~u · ~B = 0.

The speed and prevalence of fast (Alfvénic) reconnection implies the cause is in this
ideal evolution equation.

A credible theory of low-dissipation reconnection requires knowledge:

(1) Of the two boundary conditions on Φ.
Changes in ~B propagate through Alfvén waves.

(2) Of the drive for the evolution of ~B.
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Magnetic Field Line Velocity ~u
	

			
	

Outside of toroidal plasma physics, it is of-
ten denied that magnetic field lines have a
velocity ~u that is distinct from the veloc-
ity of the plasma in which they are embed-
ded.
What is actually meant by the plasma velocity ~v in a mul-
tispecies (at least electrons and ions)low collisionality plasma is un-
clear.

The magnetic field line velocity depends on the boundary conditions on Φ, where
E|| = −dΦ/d`. Without boundary conditions Φ can be chosen freely across the lines,
which changes ~u. Magnetic field lines are given by a Hamitonian, ψp(ψt, θ, ϕ), and
changing Φ across the lines is a canonical transformation.

Can be understood in toroidal plasmas with the classical Ohm’s law ~E + ~v × ~B =
η||~j|| + η⊥~j⊥, which can be rewritten ~E + ~u× ~B = η||~j||, where ~u = ~v + η⊥~j⊥ × ~B/B2.

η|| controls slippage of the poloidal ψp relative to the toroidal ψt magnetic flux. η⊥
controls plasma flow across magnetic surfaces. Empirically η⊥/η|| ∼ 105.
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Unrealism of two-coordinate X-point reconnection
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An isothermal equation of state r=p T2 with a constant
temperature T is assumed. The numerical algorithm is detailed
in Guzdar et al. (1993), where derivatives are approximated by a
five-point central finite-difference scheme, with a fourth-order
numerical dissipation equivalent to up-wind the finite-difference
added to all equations for numerical stability. Time stepping is
calculated by a trapezoidal leapfrog scheme. Explicit dissipations
are employed through viscosity and resistivity.

We use the same simulation setup of two coalescing magnetic
islands as in a previous study (Huang & Bhattacharjee 2010). The
2D simulation box is the domain Î - ´( ) [ ]x z, 1 2, 1 2
-[ ]1 2, 1 2 . In normalized units, the initial magnetic field is
given by y= ´ ˆB y0 0 , where y p= ( ) ( )z h xtanh cos0

p p( )zsin 2 2 . The parameter h, which is set to 0.01 for all
simulations, determines the initial current layer width. The initial
plasma density ρ is approximately unity, and the plasma
temperature T=3. The density profile has a weak nonuniformity
such that the initial condition is approximately force balanced.
The initial peak magnetic field and Alfvén speed are both
approximately unity. The plasma beta b rº =p B T B22 2 is
greater than 6 everywhere, hence the system is approximately
incompressible. Perfectly conducting and free slipping boundary
conditions are imposed along the x and z directions. Only the
upper half of the domain ( .z 0) is simulated, and solutions in
the lower half are inferred by symmetries. We use a uniform grid
of 37,800 points along the x direction and a nonuniform grid of
2880 points along the z direction. The mesh along the z direction
is packed to attain high resolution around z=0, where the
smallest grid size is ´ -1.9 10 6. The viscosity ν is set to 10−10

for all the simulations, and the resistivity η is varied from
2×10−6 to ´ -2.5 10 8, hence the magnetic Prandtl number

n hº �P 1m . The initial velocity is seeded with a random
noise of amplitude ò to trigger the plasmoid instability. In these

simulations, the current sheet half-length is approximately a
constant value L=0.25 and the upstream Alfvén speed is
approximately =V 1A . We use these values to define the
Lundquist number h=S LVA of the system. The simulation
parameters and outcomes of diagnostics are summarized in
Table 1.

3. Diagnostics

Before discussing the simulation results, we give the details
of diagnostics employed in this study. Figure 1 shows a
schematic of plasmoid instability in a reconnecting current
sheet. Here the length of the current sheet is L2 , and its width is
a2 . The length and the width can both be functions of time. The
reconnection inflows and outflows are denoted as vi and vo,
respectively. There are two additional length scales within the
current sheet: the inner layer width d2 of the tearing mode, and
the magnetic island width w2 . We call the current sheet

Table 1
Simulation Parameters and Outcomes from Key Diagnostics

Run S ò tg g gmax, ag td ad dd gd gmax kd kmax tp ts

S1 1.25e5 10−6 0.42 12.4 1.72e−3 1.24 7.47e−4 2.57e−4 14.6 43.1 81.4 414 1.81 2.01
S2 2.5e5 10−6 0.42 9.61 1.60e−3 1.06 4.72e−4 1.69e−4 29.6 60.8 92.3 617 1.28 1.42
S3 5.0e5 10−6 0.45 8.85 1.35e−3 1.00 3.37e−4 9.98e−5 44.5 71.3 157 791 1.13 1.25
S4 1.25e6 10−6 0.52 9.74 9.35e−4 0.99 2.37e−4 5.90e−5 62.1 77.7 213 977 1.16 1.19
S5 2.5e6 10−6 0.57 10.3 7.16e−4 1.00 1.83e−4 3.89e−5 69.7 79.4 282 1140 1.10 1.15
S6 5.0e6 10−6 0.58 8.09 6.67e−4 1.02 1.40e−4 2.82e−5 74.0 83.9 287 1330 1.09 1.12
S7 1.0e7 10−6 0.61 7.33 5.65e−4 1.04 1.09e−4 1.88e−5 77.3 86.7 374 1530 1.10 1.13

H1 1.25e5 10−3 0.39 10.3 1.94e−3 0.87 6.77e−4 2.39e−4 26.2 50.0 92.3 468 1.17 1.18
H2 2.5e5 10−3 0.43 10.3 1.55e−3 0.84 5.18e−4 1.51e−4 36.6 52.9 136 550 0.99 1.14
H3 5.0e5 10−3 0.45 8.85 1.35e−3 0.84 3.99e−4 1.03e−4 43.1 53.5 169 640 0.96 1.04
H4 1.25e6 10−3 0.52 9.74 9.35e−4 0.85 3.02e−4 6.66e−5 45.6 53.0 185 721 1.01 1.04
H5 2.5e6 10−3 0.57 10.3 7.16e−4 0.88 2.33e−4 4.66e−5 47.5 55.4 209 839 1.01 1.05
H6 5.0e6 10−3 0.58 8.09 6.67e−4 0.90 1.86e−4 3.01e−5 51.0 55.1 297 935 1.01 1.06
H7 1.0e7 10−3 0.61 7.33 5.65e−4 0.93 1.64e−4 2.09e−5 52.9 56.6 346 920 1.02 1.06

N1 2.5e6 10−2 0.57 10.3 7.16e−4 0.82 2.72e−4 4.87e−5 39.5 43.9 208 691 0.97 1.03
N2 2.5e6 10−5 0.57 10.3 7.16e−4 0.96 1.97e−4 4.11e−5 64.3 71.1 256 1035 1.07 1.12
N3 2.5e6 10−9 0.56 9.57 7.51e−4 1.09 1.61e−4 3.70e−5 83.0 96.0 292 1330 1.19 1.24

Note.The simulations are characterized by two input parameters: the Lundquist number S and the initial noise amplitude ò. The outcomes of diagnostics are listed as
follows: tg is the time when the overall fluctuation amplitude starts to grow; g gmax, is the maximum growth rate at =t t ;g ag is the current sheet half-width at =t t ;g td is
the disruption time; ad is the current sheet half-width and dd is the inner layer half-width at disruption; gd is the measured growth rate and gmax is the maximum growth
rate at disruption; kd is the dominant wavenumber and kmax is the fastest growing wavenumber at disruption; tp is the time when the reconnection rate reaches the
maximum; and ts is the nonlinear saturation time. These values are given in the normalized units employed in the simulations. In the normalized units, =V 1,A

L=0.25, and t = 0.25A .

Figure 1. Schematic of the plasmoid instability in a reconnecting current sheet.
Here the length of the current sheet is L2 and the width is a2 . The length and
the width can both be functions of time. The reconnection inflows and outflows
are denoted as vi and vo, respectively. Within the current sheet are two
additional length scales: the inner layer width d2 , and the magnetic island width
w2 . The current sheet is disrupted when the magnetic island width exceeds the
inner layer width.
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(1) Fast reconnection during tokamak cur-
rent spikes:

a. Inconsistent with 2D plasmoids.

Two-coordinate, plasmoid theories could greatly enhance
reconnection near a single rational surface but not over a
large range of safety factors. In JET, NF 56, 026007 (2016), islands
grow at a Rutherford-like rate at a number of rational surfaces on a time scale of
100’s ms but then have a large-scale reconnection on less than 1 ms.

b. Prove nulls of ~B are not required for fast magnetic reconnection.

(2) Strong guide-field theory of reconnection:

Shows a large j||/B not needed and an unlikely explanation for fast reconnection.

j||/B obeys same differential equation in an evolving magnetic field in three, but not
two, dimensions as does the mixing of cream in coffee by stirring. Exponential enhance-
ment of mixing does not occur by concentrating the cream. The source term in j||/B equation is
dΩ/d`, where Ω = b̂ · ~∇× ~u.
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Although ∼25 papers are published each year on plasmoid recon-
nection, it clearly does not provide a basis for a general theory of fast
reconnection but may explain some features using two-coordinate
models. Concepts explained here are just in my papers.

Standard mathematics coupled with Maxwell’s equations does.

•Why a magnetic field subject to a generic evolution will reach a state of fast
(Alfvenic) reconnection within a time scale set by 1/||~∇~u||.

•Why the reconnection process, which flattens ~∇(j||/B), proceeds at the shear Alfvén
speed, VA = B/

√
µ0ρ0.

•Why the helicity contained in the reconnecting region is conserved,
∫
~A · ~Bd3x = constant.

•Why the energy released from the magnetic field has a definite value.
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Langrangian coordinates for the magnetic field lines ~x0

d~x(~x0, t)

dt
≡ ~u(~x, t), with ~x(~x0, t = 0) = ~x0.

The ideal evolution equation implies (Reviewed by Stern, Space Science Reviews 6, 147 (1966).)

~B(~x, t) =

↔
J
J
· ~B0(~x0), where

↔
J ≡ ∂~x

∂~x0
is the Jacobian matrix and J ≡

∥∥∥∥∥
↔
J

∥∥∥∥∥ is the Jacobian.

↔
J ≡ ∂~x

∂~x0
=



∂x
∂x0

∂x
∂y0

∂x
∂z0

∂y
∂x0

∂y
∂y0

∂y
∂z0

∂z
∂x0

∂z
∂y0

∂z
∂z0


=
↔
U ·


eσ1 0 0
0 eσ2 0
0 0 eσ3

 ·
↔
V †.

The finite time Lyapunov exponents of the flow are σ1, σ2, and σ3.
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One of the three finite-time Lyapunov exponents is zero

Since ~u · ~B = 0, magnetic flux conservation implies JB = B0, dotting ~B with itself
gives

JB
B0


2

= b̂†0 ·
↔
V ·


e2σ1 0 0

0 e2σ2 0
0 0 e2σ3

 ·
↔
V † · b̂0 = 1 where b̂0 ≡ ~B0/B0.

One singular value, taken to be eσ3, must be unity with b̂t ≡
↔
V † · b̂0 the associated

eigenvector. Consequently,

↔
J =

↔
U ·


eσ1 0 0
0 eσ2 0
0 0 1

 ·
↔
V †, which implies ~B =

↔
U ·


e−σ2 0 0

0 e−σ1 0
0 0 e−(σ1+σ2)

 ·
↔
V † · ~B0;

B =
B0

J
= B0e

−(σ1+σ2).

B can change, but only exponentially, which is not consistent with the formation of a
null where none existed before. When the magnetic field strength does not exponentiate
during a 3D evolution, there is only one Lyapunov exponent σ.
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Evolution equation for K ≡ j||/B in reduced MHD (strong guide field)

	
Perfect	flowing	
			conductor	

	
Perfect	fixed		
			conductor	

	

	

When the magnetic field extends from a rigid perfect conductor at z = 0 to
a flowing, ~ub = ~∇φb(x, y, t)× ẑ, perfect conductor at z = L:

~x = zẑ + ~x⊥(x0, y0, z, t) where

~u ≡ d~x⊥(x0, y0, z, t)

dt
is the field line velocity; ~x⊥(x0, y0, z = 0, t) ≡ xx̂ + yŷ;

~B = Bg(ẑ + ~∇H(x, y, z, t)× ẑ), so
dx

dz
=
∂H

∂y
and

dy

dz
= −∂H

∂x
.

Evolution equation for K ≡ (ẑ · ~∇× ~B)/B is
∂K

∂t
+ ~u · ~∇K − η

µ0
∇2
⊥K =

dΩ

dz


x0y0

, where Ω = ẑ · ~∇× ~u.

In Lagrangian x0x̂ + y0ŷ coordinates∂K
∂t


x0,y0

− η

µ0

2∑
i,j=1

 ∂

∂xi0
gij
∂K

∂xj0

 =
dΩ

dz


x0y0

. Note
dΩ

dz


x0y0

=
dΩ

d`
.

gij ≡

∂x/∂x0 ∂y/∂x0

∂x/∂y0 ∂y/∂y0

 ·
∂x/∂x0 ∂x/∂y0

∂y/∂x0 ∂y/∂y0



−1

=
↔
V ·

 e
2σ 0
0 e−2σ

 · ↔V †.
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Evolution of an impurity of density n in a stirred fluid

∂n

∂t
+ ~v · ~∇n−D∇2

⊥n = S; Impurity source is S.

When ~∇ · ~v = 0 and 2D, the velocity is ~v = ~∇φf(x, y, t)× ẑ.

Streamlines obey
dx

dt
=
∂φf
∂y

and
dy

dt
= −∂φf

∂x
.

Lagrangian coordinates:
d~x(x0, y0, t)

dt
= ~v

In Lagrangian coordinates
∂n
∂t


x0,y0

−D
2∑

i,j=1

 ∂

∂xi0
gij

∂n

∂xj0

 = S.

gij ≡

∂x/∂x0 ∂y/∂x0

∂x/∂y0 ∂y/∂y0

 ·
∂x/∂x0 ∂x/∂y0

∂y/∂x0 ∂y/∂y0



−1

=
↔
V ·

 e
2σ 0
0 e−2σ

 · ↔V †.
Though having only two spatial dimensions, this equation can give

exponential enhancement of mixing through a large-scale stirring
velocity ~vf , Aref et al, RMP 89, 025007 (2017).The evolution equation for K
and n are the same, but three spatial dimensions are required for the
K equation.
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Why 2D adequate for fast mixing but
3D needed for prevalent fast magnetic reconnection

Exponential separation of trajectories of a Hamiltonian, H(p, q, t),
with pair of canonically conjugate coordinates requires a dependence on the canonical
time.

When ∂H/∂t = 0, H is a constant of the motion, trajectories follow constant-H con-
tours, and do not generically exponentiate apart,

dH

dt
=
∂H

∂t
+
∂H

∂p

dp

dt
+
∂H

∂q

dq

dt
=
∂H

∂t
because

∂H

∂p
=
dq

dt
and

∂H

∂q
= −dp

dt
.

The Hamiltonian for streamlines in two dimensions φf(x, y, t) has the form needed for
an exponential separation of trajectories.

Magnetic field lines are calculated at a fixed time. Their Hamiltonian isH(x, y, z) with
the spatial coordinate z the canonical time. All three spatial coordinates are required to
obtain generic separation of magnetic field lines.
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What is the trigger for fast magnetic reconnection
The rate at which a magnetic field approaches

a reconnecting state is not Alfvénic; it is deter-
mined by flow speed ~u; the Lyapunov exponent σ
must become sufficiently large to trigger a reconnec-
tion.

In the reduced MHD model, the Lyapunov exponent σ ∼ Ωbt ∼ (j||/B)L, where
Ωb = ẑ · ~∇× ~ub is the driven vorticity and L is distance between boundaries.

The current density need not be large for a fast magnetic reconnection.
Required j||/B is proportional to the required σ.

In simulations, reconnection occurs where σ is large, Yi-Min Huang et al (2014) and
W. Daughton et al (2014), but maximum σ that can be resolved in these codes is six to
eight. For coronal simulations need σ ∼ 20.
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Why is magnetic reconnection Alfvénic

Can write ~j = (j||/B) ~B + ~B × (~j × ~B)/B2, so ~∇ ·~j = 0 implies

~B · ~∇j||
B

= ~B · ~∇×
~f

B2
, where ~f = ~j × ~B

is the electromagnetic or Lorentz force. When ~f = ρ0d~v/dt, relaxation of j||/B along
the magnetic field is by Alfvén waves, VA = B/

√
µ0ρ0.

The reduced MHD equations for plasmas driven by moving boundaries give an Alfvén
wave equation with dissipation when the plasma viscosity or resistivity is non-zero.

The Alfvén waves that relax j||/B travel along the magnetic field lines, so 100’s
of toroidal circuits can be required to relax j||/B during a tokamak thermal quench.
Damping is enhanced by Similon-Sudan effect, Astrophys. J. 336, 442 (1989).

An important issue in tokamak disruption physics is the spreading of impurities by
magnetic reconnection.
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Why is magnetic helicity conserved

Fast magnetic reconnection is a quasi-ideal process that conserves magnetic helicity.

When field lines don’t obey periodicity constraints of magnetic surfaces, ~E +~u× ~B =
−~∇Φ implies

∫
~E · ~Bd3x = −

∮
Φ ~B · d~a = 0

since normal field is zero on the boundaries of stochastic regions.

∂

∂t

∫
~A · ~Bd3x = −2

∫
~E · ~Bd3x−

∮
( ~E × ~A + Φg

~B) · d~a, where ~E = −∂
~A

∂t
− ~∇Φg

When ~E + ~u× ~B = −~∇Φ, helicity flux ~E × ~A = ~u ~A · ~B + Φ ~B − ~∇× (Φ ~A)

Importance to current transfer to relativistic electrons in tokamaks:

(a) Large changes in ψp(ψt) cannot directly accelerate electrons when the current
profile relaxes during a thermal quench, V` = (∂ψp/∂t)ψt,

(b) but the relaxation can produce surface currents that can.
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Summary

An ideal (dissipationless) evolution of a magnetic field in general leads to a state in
which the magnetic field lines change their connections on an Alfvénic (inertial) time
scale. Requires only a finite mass for the lightest current carrier, the electron.

During a fast magnetic reconnection, ~∇(j||/B) relaxes while conserving magnetic
helicity in the reconnecting region. This implies a definite amount of energy is released
from the magnetic field and transferred to shear Alfvén waves, which in turn transfer
their energy to the plasma.

When there is a strong non-reconnecting component of the magnetic field, called a
guide field, j||/B obeys the same evolution equation as that of an impurity being mixed
into a fluid by stirring. Although the enhancement of mixing by stirring has been recog-
nized by every cook for many millennia, the analogous effect in magnetic reconnection
is not generally recognized.

Interestingly, a three-coordinate model is required for the enhancement of magnetic
reconnection while only two coordinates are required in fluid mixing. The issue is the
number of spatial coordinates required to obtain an exponentiating spatial separation
of magnetic field lines versus streamlines of a fluid flow.
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