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Coulomb collisions: the Fokker-Planck approach

§ Collisional processes in fully ionized, weakly coupled plasmas are governed by cumulative 
small-angle Coulomb scattering. The collision between plasma species 𝛼 and 𝛽 can be 
described by the Landau-Fokker-Planck (LFP) equation:

where the drag and diffusion coefficients are

Here, we have used:

§ The LFP equation conserves particle number, momentum, and energy of the system.
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Coulomb collisions: the Langevin approach

§ Coulomb collisions can also be described by the Langevin equation that focuses on the random 
movement of each particle:

where 𝜂i (t) is the random force on i-th particle,       is a matrix decomposition satisfying 

§ Mathematically, the Langevin equation is known as a stochastic differential equation (SDE) and is 
typically written in the following form of Itô SDE:

where      are independent 3-D Wiener processes.

§ Although statistically equivalent to the LFP equation, the SDE for Coulomb collisions does not 
conserve energy and momentum of the system with finite number of particles. This is a  major 
disadvantage of the Langevin approach describing Coulomb collisions.

§ In this work, we derive new SDEs for Coulomb collisions that naturally hold the conservation laws. 
New algorithms are also developed to hold the exact conservation laws in discrete time.
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Intuition of conservation laws in SDE

§ Consider the simplest system described by SDEs, the Brownian motion.

• The energy and momentum of the small particle is clearly not conserved.

• It is perfectly fine because the energy and momentum are absorbed by the 
background media, which we are not interested.

§ In the Coulomb collisions in plasmas, the situation is different. 

• The particle being considered is usually denoted as “test particle”, and all 
other particles are denoted as the “field particles”[1].

• The energy and momentum of the test particle is not conserved due to its 
interaction with field particles. 

• However, the energy and momentum absorbed into field particles can not 
be ignored, because every particle is both test and field particles. 

• Therefore, the energy and momentum transfer between test and field 
particles has to be considered to order to hold the conservation law.
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[1] R. Cohen, L. Spitzer, and P. Routly., Phy.s Rev., 1950.



Interaction between test and field particles

§ Unfortunately, the energy and momentum transfer between test and field 
particles are difficult to analyze because test particle interacts with the 
collective effect of field particles. 

§ Consider intra-species collision between N particles, 
Let                  , the SDE for each particle is written as:

• The deterministic force represents the interaction between each 
individual particles and satisfies Newton’s third law.

• The stochastic force, however, represents the collective effect from field 
particle to the test particle.

• In fact, the stochastic force on each particle has no correlation because 
of the independency of the Wiener processes Wi and Wj. 

• This is the origin of the breakdown of conservation laws. 4 / 17
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Restoring conservation laws

§ As we understand the reason why conservation laws break down, we seek to 
modify the SDEs to achieve two objectives:

1. The total energy and momentum of the system are conserved exactly;

2. The statistics of particles should not change, i.e., the first and second 
moments,        and            , should give the same LFP equation;

§ We achieve the two objectives above through the following constructs:

1. Factorize the collective interaction between test and field particles into 
direct, individual interactions between each particle;

2. Add correlation to the stochastic force between each particle pair, so 
that Newton’s third law is satisfied.

§ With Newton’s third law, one may expect that only momentum is 
conserved. However, as to be shown soon, energy is also conserved with the 
construction above.
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Construction 1: Factorizing the collective interaction

§ Consider three independent 3-D Gaussian random variables,                              , 
and two positive semi-definite 3×3 matrices, M1 and M2. Define two random variables:

§ We observe that                                     :

§ Therefore, Y1 can be regarded as a factorization of Y2. Since Wiener processes are 
also Gaussian, we can factorize the stochastic force as:

where Wi and Wij are independent Wiener processes. In addition,           can also be 
readily calculated:
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Construction 2: Add correlation between interactions 

§ After factorizing the stochastic force, the SDE now reads:

§ Notice that                                         the force between particles satisfies 
Newton’s third law,               , if we impose the following correlation[2,3]:

§ Similarly, we can derive the SDEs for collision between species 𝛼 and 𝛽:

where                         so
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Demonstration of exact conservation laws

§ The energy and momentum of the system are:

The momentum conservation,          , is a direct result of Newton’s third law, 
but the energy conservation is not straightforward. 

§ Consider a given 1-D process X(t) and a smooth function of it f (X ). 
• In deterministic case,                the chain rule reads:

• However, in stochastic case,                          the chain rule becomes:

§ After carry out a long algebra using Itô’s lemma, we can prove[4] the energy 
conservation 
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A few more mathematics: from Itô to Stratonovich

§ All the SDEs discussed previously were understood as the Itô SDE. They can be understood as Itô 
stochastic integral, is defined in “forward Euler” type:

The benefit of Itô integral is that it is a martingale:

§ Another widely-used definition is the Stratonovich SDE, which is defined in “midpoint” type:

It has the advantage of following the usual chain rule:                               .

§ 1-D Itô and Stratonovich SDEs can be transformed as

whose difference is a nonlinear deterministic term.
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Stratonovich SDE for Coulomb collisions

§ After (another) long algebra, we can derive the Stratonovich SDEs for intra- and inter-species 
collision. Surprisingly, the deterministic terms vanish completely in Stratonovich SDEs. 

§ For intra-species collision between N particles, the Stratonovich SDE is:

§ For inter-species collision between N𝛼 and N𝛽 particles in two species, the SDEs are:

§ The conservation laws can be easily proved using those Stratonovich SDE with regular chain rules.

§ When one species is infinitely heavy, the SDEs return to the case of pitch-angle scattering[5,6].
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Numerical algorithms for Coulomb collisions

§ In 6-D full-f particle-based simulations, algorithms for nonlinear LFP collision operators 
typically fall into the following two categories:

• Binary collision algorithms[7-10], which mimic the Coulomb scattering process 
between binary pairs;

• SDE-based algorithms[11-14], which explore the correspondence between LFP 
equation and SDEs.

§ Other algorithms includes:

• Particle-field methods[15], which map particles to grid, calculate collisions, and map 
grid back to particle;

• Deterministic particle method[16-18] that transform LFP equation into ODEs;

§ Here, we develop a numerical algorithms for our new SDEs in order to (i) verify that our 
SDE gives the correct collision physics; (ii) serve as a new method to calculate nonlinear 
LFP equation.
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Exact conservative algorithm for SDE: construction

§ To construct an algorithm that holds conservation laws numerically, we notice that:

§ Therefore, we can construct an algorithm for the Stratonovich SDE as

Here,                                 and                    The key feature of the algorithm is 
that it is a mixture of explicit and midpoint methods. 

§ Furthermore, we can analytically prove that this algorithm converges to the SDE with a 
strong order of 1/2, i.e., the strong error comparing to exact solution     is:
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Exact conservative algorithm for SDE: properties

§ The numerical method has the following properties:

• Though implicit, RHS only depends on        only linearly. So        are explicitly solvable.

• The algorithm preserves momentum exactly due to the anti-symmetry 

• The algorithm preserves energy exactly:

• Therefore, the algorithm holds all conservation laws of SDE in discrete time.
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Benchmark in two relaxation processes

We benchmark our algorithm in two relaxation processes:

§ Temperature isotropization along different directions in one species.

Let                          , the isotropization time      is[19]:

§ Temperature relaxation between two isotropic species.

The relaxation time is[20]:
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Complexity reduction 

§ In our algorithm, every particle interact with each other, so the computational 
complexity is at least O(N.2). To reduce the complexity, we use a particle grouping 
technique as follows:

1. In each step, divide all particles randomly into Ng groups with N/Ng particles 
in each group;

2. Modify the weight of each particle as wg=Ng w ;

3. Calculate the collision only among the same group. 

§ Consider the inter-species collision with same number of particles in each species. 
In the limit of each group having one particle in both species, our method returns 
to pair-collision algorithms. Let   be the scattering angle of each particle and 
define                  , we can prove that:

which is the same as the Takizuka-Abe method[7] up to the lowest order.

15 / 17[7] T. Takizuka, and H. Abe., J. Comput. Phys., 1977.
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Conclusion and main takeaway

§ Properties of Gaussian random variables allow us to factorize collective forces between field and test 
particles into individual forces between particle pairs, which might be useful in deriving SDEs for 
different processes.

§ Upon enforcing Newton’s third law on the stochastic force, we can describe the Coulomb collision as 
an exactly energy-momentum-conserving stochastic process. Its Stratonovich SDE has a particular 
simple form: a pure diffusion process without drag.

§ A numerical algorithm has been constructed for the SDEs that hold conservation laws exactly in 
discrete time. It is also benchmarked in relaxation processes against analytical solutions. 
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Discussion

§ In the current study, the SDEs are derived from LFP equations. However, we 
can also derive the SDE from microscopic description and then derive the LFP 
based on the SDE.

§ Although the SDEs hold conservation laws exactly, it does not work for 
unequally weighted particles because the variances of the force are not equal.

§ Same difficulty exists in binary collision algorithms, whose conservation laws can 
only be addressed with predictor-corrector type of methods[14,21].

§ On the other hand, Coulomb collisions in gyrokinetics can also be described by 
the FP equation[22,23]. Corresponding SDEs may be derived in a similar manner.
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