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Motivation

• Understanding and taming turbulence is crucial for designing successful fusion reactors.

• Both experimental and numerical results confirm that flow shear suppresses turbulence.

• Sheared flows may be intrinsically generated (e.g., zonal flows) or externally imposed (e.g.,
equilibrium flow shear).

We want to address the fundamental mechanisms whereby the flow shear regulates
the turbulent transport.
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Local electrostatic gyrokinetics

(
∂

∂t
+ u · ∂

∂Rs

)(
hs −

qs ⟨ϕ⟩Rs

T0s
f0s

)
+ v∥b0 ·

∂hs

∂Rs
+ vds ·

∂hs

∂Rs
+ vE · ∂

∂Rs
(f0s + hs) =

∑
s′

Css′ ,

(1)

with
vds = (b0/2Ωs)× (2w2

∥b0 · ∇b0 + w2
⊥∇ lnB0), vE = (c/B0)b0 ×∇⟨ϕ⟩Rs

, (2)

the perturbed distribution function of species s is

δfs(r,v) = hs(Rs, εs, µs)−
qsϕ(r)

Ts
f0s (3)

and satisfies ∑
s

qs

∫
d3v δfs = 0. (4)

We shall be interested in predicting the radial heat flux

Qs =

∫
d3r

V

∫
d3v (vE · ∇x)

msv
2

2
δfs, (5)

where x, y, z are the radial, poloidal, and field-line-following coordinates, respectively.
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Free-energy conservation in GK

• GK fluctuations obey the free-energy conservation:

dW

dt
= I −D (6)

where the free energy W is

W =
∑
s

∫
d3r

∫
d3v

T0sδf
2
s

2f0s
. (7)

• I is the energy injection (equilibrium gradients times fluxes), D is collisional dissipation.
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Where do we even begin?

Without any additional assumptions, this is hopeless!

• A zoo of instabilities (2×ITG, 2×ETG, TEM, . . . )

• Many different regimes (strong turbulence, Dimits regime, . . . )

• Zonal flows, secondary instabilities, tertiary instabilities, . . .

Main conjecture: Saturation is achieved by establishing a cascade of free energy

from the injection scale to the dissipation scale.

• Not unreasonable, happens in, e.g., hydrodynamics (Kolmogorov, 1941) and MHD (Goldreich
& Sridhar, 1995).

• Observed by Barnes et al. (2011) in ion-scale turbulence (some aspects challenged by more
recent observations by Nies et al., 2023), and Adkins et al. (2023) in electron-scale fluid
turbulence.
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Local energy cascade

log k⊥

lo
g
W

k
Inertial range

Outer scale

Dissipation scale

ko
⊥

• In the inertial range, nonlinear interactions dominate every other source/sink of
energy.
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Inertial range

• The nonlinear GK term is

vE · ∂hs

∂Rs
=

c

B0

{
⟨ϕ⟩Rs

, hs

}
, (8)

where {f, g} ∝ (∂xf)(∂yg)− (∂yf)(∂xg),

so the nonlinear time τnl at scale ky satisfies

τ−1
nl ∼ Ωsρ

2
skxkyφ, (9)

where φ ≡ qsϕ/T0s and φ is its characteristic amplitude at scale ky.

• In (9), kx and φ are both functions of ky.

• Rewrite as
τ−1
nl ∼ AΩsρ

2
sk

2
yφ, (10)

where A ≡ kx/ky is the fluctuation aspect ratio at scale ky.
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The isotropic energy cascade

• Assuming an isotropic cascade, A ∼ 1 and

τ−1
nl ∼ AΩsρ

2
sk

2
yφ ∝ k2

⊥φ. (11)

• The flux of free energy ε through each scale k⊥ satisfies

ε ∼ Wτ−1
nl ∼ n0sT0sφ

2τ−1
nl ∝ k2

⊥φ
3. (12)

• A constant ε in the inertial range implies

φ ∝ k
−2/3
⊥ =⇒ τ−1

nl ∝ k
4/3
⊥ . (13)
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But where does the inertial range start?

• Injection of energy is done by linear instabilities.

• At large scales, the growth rate of the most unstable modes (usually) satisfies γk ∝ ky.

• The outer scale ko is the scale where

γo ∼ τo
nl

−1. (14)

This is where the dominant injection of energy happens.

• Beyond the outer scale, nonlinearity dominates as τ−1
nl ∝ k

4/3
⊥ ≫ γk ∼ k⊥.

• The dominant contribution to the heat flux Qs comes from the outer scale:

Qs ∼ Qo
s ∼ n0sT0svthsk

o
yρsφ

o2 ∝ ko
yφ

o2. (15)

• To predict Qs, we seek predictions for
(i) the outer scale ko

y,
(ii) the outer-scale amplitude φo.
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Determining the outer scale

log ky

γk ∝ ky

τ−1
nl ∝ k

4/3
y

⊢inertial range→

koy

γo
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Parallel structure and critical balance

• We have two unknowns, ko
y and φo, but only one equation, viz., γo ∼ τo

nl
−1.

• Need one more constraint... Barnes et al. (2011) uses ‘critical balance’ γo ∼ ωo
∥ with the

parallel time scale ω∥ ∼ k∥vths at the ‘system scale’ ko
∥qR ∼ 1 to find

Qs ∼ n0sT0svths
(ρs
R

)2
(

R

LTs

)3

q. (16)

• Another interesting case is ‘Grand critical balance’ (Ghim et al., 2013; Nies et al., 2023):
instead of Ao ∼ 1, suppose that ko

x is determined by

ωo
ds,x ∼ γo ∼ τo

nl
−1 ∼ ωo

∥. (17)

Yields Ao ∼ R/LTs and

Qs ∼ n0sT0svths
(ρs
R

)2 R

LTs

q. (18)
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To what are we adding flow shear?

• The theory of flow-shear suppression will be agnostic to the way in which the outer scale is
chosen in the absence of shear...

• ... as well as to the dynamics in the inertial range. We focus on the transport-defining
outer scale.

• Anticipating what turns out to be interesting, we consider streamer-dominated turbulence
with Ao < 1.
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Adding flow shear

(
∂

∂t
+ u · ∂

∂Rs

)(
hs −

qs ⟨ϕ⟩Rs

T0s
f0s

)
+ v∥b0 ·

∂hs

∂Rs
+ vds ·

∂hs

∂Rs
+ vE · ∂

∂Rs
(f0s + hs) =

∑
s′

Css′ ,

(19)

• In axisymmetric devices, u is toroidal.

• Mean flow shear can suppress instabilities...

• but it can also drive them: PVG!

For the remainder of this talk, we will take u to be perpendicular to the magnetic
field!
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Adding flow shear

• Include sheared mean flow of the form

u = γExy. (20)

• GK no longer homogeneous in x!

• Instructive to think about the shearing-frame transformation in a slab:

t′ = t, x′ = x, y′ = y − xγEt, z′ = z, (21)

• Eliminates the inhomogeneous advection term u · ∇!

• . . . but at the cost of introducing an inhomogeneity in time via the ∂x derivatives.

• The ‘lab-frame’ radial wavenumber ‘drifts’:

kx = k′
x − k′

yγEt
′. (22)
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Eddy ‘tilting’
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Eddy ‘tilting’

• In what follows, we will use f(γE) to denote dependence on γE .

• E.g., ko
y(0) and γo(0) refer to the outer-scale wavenumber and injection rate in the absence of

flow shear.
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Adding flow shear

• Consider a system that, in the absence of flow shear, saturates with an outer scale ko
y(0) and

injection rate γo(0).

• At the outer scale, τo
nl(0)

−1 ∼ γo(0).

• In the presence of flow shear, we distinguish two regimes:
(i) weakly sheared regime with γE < γo(0),
(ii) strongly sheared regime with γE > γo(0).

• Motivated by the quench rule (Waltz et al., 1998).

• Hypotheses:
(i) In the weakly sheared regime, ko

y and γo are independent of γE , viz., k
o
y ≈ ko

y(0),
γo ≈ γo(0).
(ii) In the strongly sheared regime, the outer scale is governed by γo(γE) ∼ τo

nl(γE)
−1 ∼ γE .
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Weakly sheared regime

• For γE < γo(0), we assume that

τo
nl(γE)

−1 ∼ γo(γE) ∼ γo(0) ∼ τo
nl(0)

−1. (23)

• Assuming that γk ∝ ky is (approximately) independent of kx, we find that ko
y(γE) ≈ ko

y(0).

• Cannot say the same about ko
x(γE)!

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ suggests that

ko
x(γE) ∼ ko

x(0) + ko
y(0)γEτ

o
nl(0). (24)

The eddies tilt, but keep the same poloidal scale.

18 / 53



Weakly sheared regime

• For γE < γo(0), we assume that

τo
nl(γE)

−1 ∼ γo(γE) ∼ γo(0) ∼ τo
nl(0)

−1. (23)

• Assuming that γk ∝ ky is (approximately) independent of kx, we find that ko
y(γE) ≈ ko

y(0).

• Cannot say the same about ko
x(γE)!

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ suggests that

ko
x(γE) ∼ ko

x(0) + ko
y(0)γEτ

o
nl(0). (24)

The eddies tilt, but keep the same poloidal scale.

18 / 53



Weakly sheared regime

• For γE < γo(0), we assume that

τo
nl(γE)

−1 ∼ γo(γE) ∼ γo(0) ∼ τo
nl(0)

−1. (23)

• Assuming that γk ∝ ky is (approximately) independent of kx, we find that ko
y(γE) ≈ ko

y(0).

• Cannot say the same about ko
x(γE)!

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ suggests that

ko
x(γE) ∼ ko

x(0) + ko
y(0)γEτ

o
nl(0). (24)

The eddies tilt, but keep the same poloidal scale.

18 / 53



Weakly sheared regime

• For γE < γo(0), we assume that

τo
nl(γE)

−1 ∼ γo(γE) ∼ γo(0) ∼ τo
nl(0)

−1. (23)

• Assuming that γk ∝ ky is (approximately) independent of kx, we find that ko
y(γE) ≈ ko

y(0).

• Cannot say the same about ko
x(γE)!

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ suggests that

ko
x(γE) ∼ ko

x(0) + ko
y(0)γEτ

o
nl(0). (24)

The eddies tilt, but keep the same poloidal scale.

18 / 53



Weakly sheared regime

• For γE < γo(0), we assume that

τo
nl(γE)

−1 ∼ γo(γE) ∼ γo(0) ∼ τo
nl(0)

−1. (23)

• Assuming that γk ∝ ky is (approximately) independent of kx, we find that ko
y(γE) ≈ ko

y(0).

• Cannot say the same about ko
x(γE)!

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ suggests that

ko
x(γE) ∼ ko

x(0) + ko
y(0)γEτ

o
nl(0). (24)

The eddies tilt, but keep the same poloidal scale.

18 / 53



Weakly sheared regime

• For γE < γo(0), we assume that

τo
nl(γE)

−1 ∼ γo(γE) ∼ γo(0) ∼ τo
nl(0)

−1. (23)

• Assuming that γk ∝ ky is (approximately) independent of kx, we find that ko
y(γE) ≈ ko

y(0).

• Cannot say the same about ko
x(γE)!

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ suggests that

ko
x(γE) ∼ ko

x(0) + ko
y(0)γEτ

o
nl(0). (24)

The eddies tilt, but keep the same poloidal scale.

18 / 53



Weakly sheared regime

• Assuming ko
x(γE) ∼ ko

x(0) + ko
y(0)τ

o
nl(0)γE , we get

=⇒ ko
x(γE)

ko
x(0)

∼ Ao(γE)

Ao(0)
∼ 1 +

γE
γc

, (25)

where we have defined the critical shearing rate

γc ≡ Ao(0)γo(0) < γo(0). (26)

• Plugging (25) into
τ−1
nl ∼ AΩsρ

2
sk

2
yφ, (27)

we get
φo(γE)

φo(0)
∼ Ao(0)

Ao(γE)
∼ 1

1 + γE/γc
(28)

• Using Q ∼ Qo ∝ ko
yφ

o2, this leads to the heat-flux scaling

Q(γE)

Q(0)
∼

[
Ao(0)

Ao(γE)

]2

∼ 1

(1 + γE/γc)2
. (29)
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Weakly sheared regime

log γE

logQ

γo(0)

Weak shear

γc

Q(0)
Q ∝ (1 + γE/γc)

−2

∝ [Ao(0)]2
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Weakly sheared regime

log γE

logQ

γo(0)

Weak shear

γc

Q(0)
Q ∝ (1 + γE/γc)

−2

∝ [Ao(0)]2

• Nothing much happens if Ao(0) ∼ 1.

• Strong suppression if Ao(0) ≪ 1!
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Strongly sheared regime

• For γE > γo(0), we conjecture an outer-scale balance of the form

τo
nl(γE)

−1 ∼ γo(γE) ∼ γE .

log ky

γk ∝ ky

τ−1
nl ∝ k

4/3
y

⊢inertial range→

koy

γo

22 / 53



Strongly sheared regime

• For γE > γo(0), we conjecture an outer-scale balance of the form

τo
nl(γE)

−1 ∼ γo(γE) ∼ γE .

log ky

γk ∝ ky

τ−1
nl ∝ k

4/3
y

⊢inertial range→

koy

γo

22 / 53



Strongly sheared regime

• For γE > γo(0), we conjecture an outer-scale balance of the form

τo
nl(γE)

−1 ∼ γo(γE) ∼ γE .

log ky

γk ∝ ky

τ−1
nl ∝ k

4/3
y

⊢inertial range→

koy(0) koy(γE)

γo(γE)

γo(0)

shear-suppressed
eddies

23 / 53



Strongly sheared regime

• For γE > γo(0), we conjecture an outer-scale balance of the form

τo
nl(γE)

−1 ∼ γo(γE) ∼ γE .

• Assuming γk ∝ ky, we find ko
y(γE) ∝ γE .

• The eddy ‘tilting’ kx = k′
x − k′

yγEt
′ and balance τo

nl(γE)
−1 ∼ γE suggest that

ko
x(γE) ∼ ko

y(γE)γEτ
o
nl(γE) ∼ ko

y(γE). (30)

and so Ao(γE) ∼ 1
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Strongly sheared regime

• Using ko
y(γE) ∼ ko

x(γE) ∝ γE and τo
nl(γE)

−1 ∼ γE , we get

φo(γE) ∝
τo
nl(γE)

−1

Ao(γE)ko
y(γE)2

∝ γ−1
E , (31)

which, combined with ko
y(γE) ∝ γE yields

Q(γE) ∼ ko
y(γE)φ

o(γE)
2 ∝ γ−1

E . (32)

• The balance γo(γE) ∼ γE holds only for γE up to the largest growth rate γmax.

• There lies the marginal regime...bistability, coherent structures... beyond this talk!
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Combining it all...

log γE

logQ

Q(0)

γmax

Q ∝ (1 + γE/γc)
−2

Q ∝ γ−1
E

γc γo(0)

∝ [Ao(0)]2

Weak shear Strong shear

Marginal state
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Numerical results

• Two different models:

(i) a slab model of fluid electron-scale turbulence.
(ii) ion-scale GK with Cyclone-base-case geometry.
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Fluid slab ETG model

We performed numerical simulations of the following collisional ETG model (first studied by
Adkins et al., 2023)

d

dt

δne

n0e
+

∂u∥e

∂z
= 0, (33)

d

dt

δTe

T0e
− c3v

2
the

3νei

∂2

∂z2
δTe

T0e
+

2

3

(
1 +

c2
c1

)
∂u∥e

∂z
= −ρevthe

2LT

∂φ

∂y
, (34)

where φ = eϕ/T0e,
νei
c1

u∥e

vthe
= −vthe

2

∂

∂z

[
δne

n0e
− φ+

(
1 +

c2
c1

)
δTe

T0e

]
, (35)

and
d

dt
=

∂

∂t
+ γEx

∂

∂y
+

ρevthe
2

(z ×∇φ) · ∇+ ν∇4
⊥. (36)

Why this model?
Because it agrees remarkably well with a critically balanced free-energy cascade!
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Fluid slab ETG model (no flow shear)

Figure 1: Numerical spectra and theoretical predictions (Adkins et al. 2023).
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Fluid slab ETG model (no flow shear)

Figure 2: Outer scale and theoretical predictions (Adkins et al. 2023).
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Fluid slab ETG model (no flow shear)

Figure 3: Heat flux and theoretical predictions (Adkins et al. 2023).
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Fluid slab ETG model

If our theory has any hopes of working anywhere, it better work in this model...
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Flow shear in the fluid model
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Flow shear in the fluid model
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Flow shear in the fluid model

100 101 102

γ̂E

10−1

100

k
ρ
⊥ k ∝ γE

koy(γ̂E)ρ⊥

kox(γ̂E)ρ⊥

35 / 53



Flow shear in the fluid model
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Flow shear in the fluid model

• We find Ao(0) ≈ 0.3, consistent with the O(10) suppression of the heat flux in the weakly
sheared regime.

• The numerical data suggests (in normalised units) γ̂o ≈ 100 and γ̂c ≈ 40, consistent with
Ao(0) ≈ 0.3.

• Very good agreement between the theory and the relevant observables, e.g.,
ko
x(γE), k

o
y(γE), Q(γE).

Theory looks good! Let’s go to GK...
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GK results

• GENE simulations for a γE scan (PVG is off!) of ITG turbulence in a Cyclone-base-case
equilibrium with ŝ = 0.796, q0 = 1.4, ϵ = 0.18, kx,minρi = 1.6× 10−2, ky,minρi = 6.25× 10−3,
nx = 288, nz = 16, nv = 32, nµ = 8.

• Two different temperature gradients: R/LT = 10, ny = 256 and R/LT = 14, ny = 512.
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GK results
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GK results

• The ion-temperature-gradient-driven turbulence we simulated has Ao(0) ∼ 1, so no clear
weakly sheared regime.

• Has a well-defined strongly sheared regime that ends at γE ≈ 1.5γmax.

Very reasonable agreement with GK!
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Before we move on...

... a quick teaser of the interesting physics of the marginal state.
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Teaser: marginal regime in the fluid model

Figure 4: Radial localisation of turbulent perturbations at very large values of flow shear.
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Readily happens in other fluid models, too...

Figure 5: Radial localisation of turbulent perturbations at very large values of flow shear in a
completely different ion-scale model of curvature-driven turbulence.
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Teaser: marginal regime in GK (R/LTi = 14)

0 100 200 300 400

tcs/a

10−2

10−1

100

101

102

103

Q
/Q

gB

aγE/cs = 0.1

0 100 200 300

tcs/a

10−2

10−1

100

101

102

103 aγE/cs = 0.4

0 200 400

tcs/a

10−2

10−1

100

101

102

103

Q
/Q

gB

aγE/cs = 1.0

0 500 1000 1500 2000

tcs/a

10−2

10−1

100

101

102

103 aγE/cs = 1.3

Figure 6: Bistability in marginal GK.
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Cross-scale interactions in GK

• Numerical and experimental evidence points towards turbulence at two disparate scales: ρe
and ρi, with ρe/ρi ∼

√
me/mi ≪ 1.

• Under the GK ordering γs ∼ vths/L, and so γe/γi ∼
√

mi/me ≫ 1.

How do the slow, large-scale ion fluctuations interact with the fast, small-scale
electron ones?

• Simulations and experiments suggest that ion fluctuations can suppress the electron ones
(Candy et al., 2007; Waltz et al., 2007; Maeyama et al., 2015; Howard et al., 2016a,b).

Could this be as simple as ion-scale flows shearing electron-scale eddies?

• Näıvely, the quench rule suggests that this cannot happen in a scale-separated way: ion-scale
fluctuating shear is γE,i ∼ γi, but electron-scale instabilities grow at γe ≫ γi.

• Indeed, it may not be perpendicular shear at all (Hardman et al., 2019; Hardman et al., 2020).
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Cross-scale interactions in GK

• However, electron-scale fluctuations are often found to be highly elongated in the radial
direction (streamers).

• If their radial size is ∼ ρi, the ion-scale fluctuating flow shear falls right in the weakly sheared
regime γc,e ∼ γi.

• In that regime, the electron-scale transport is highly sensitive to the ion-scale flow shear, viz.,
Qe ∝ γ−2

E,i

Scale-separated asymptotic theory of cross-scale interactions?
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E,i
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Summary

• We have extended the phenomenological theory of saturation of turbulence via a direct local
energy cascade to include the effects of perpendicular flow shear.

• We have identified two regimes:
(i) weak-shear regime (‘shearing rate smaller than intrinsic turbulent rate’),
(ii) strong-shear regime (‘shearing rate larger than intrinsic turbulent rate’).

• Streamer-dominated turbulence is heavily suppressed by weak flow shear.

• Theory agrees remarkably well with simulations.

Apart from bringing us theoretical enlightenment, this theory could be crucial for
understanding cross-scale interactions.
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Backup slides

Details be here
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Fluctuations at a given scale

φ2 ≡
∫
|k′

y|>ky

dk′
y

∫ +∞

−∞
dk′

x

∫
dz

L∥
|φk′

⊥
|2, (37)
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Fluid model

Derived for

k∥LT ∼
√
σ, k⊥ρ⊥ ∼ 1, ρ⊥ ≡ ρe

σ

LT

λei
, (38)

βe ≪ σ ≪ 1. (39)

The normalised heat flux and flow shear are

Q̂ ≡
(

LT

L∥
√
σ

)2
Q

(ρ⊥/ρe)QgBe
, (40)

γ̂E ≡
(

LT

L∥
√
σ

)−2
γE
ω⊥

, (41)

where ω⊥ = ρevthe/2ρ⊥LT .
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Fluid simulations

L⊥/ρ⊥ L∥
√
σ/LT n⊥ n∥ ν⊥ρ

4
e/ω⊥ρ

4
⊥ γ̂max

Sim1 100 50 341 31 5× 10−4 6.3× 102

Sim2 100 50 683 31 2.5× 10−5 1.7× 103

Sim3 70 40 191 31 5× 10−4 4.1× 102

Sim4 40 30 191 31 5× 10−5 4.9× 102

Table 1: A summary of the simulation parameters for the fluid simulations. The simulation domain is
taken to be ‘square’ with Lx = Ly = L⊥ and nx = ny = n⊥, where nx, ny , and n∥ are the number of

resolved (i.e., dealiased) Fourier modes in the x, y, and z coordinates, respectively. The last column shows
the maximum growth rate γmax normalized as (41).
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Inertial transition region
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Minimal model for ITG ferdinons

• Ferdinons are captured by the following one-parameter minimal model:

(∂t + Sx∂y)φ− ∂yT = ∇2
⊥φ, (42)

(∂t + Sx∂y)T + ∂yφ
′ + {φ, T} = ∇2

⊥T, (43)

where
S =

γEχ

κT
. (44)

• Numerically, ferdinons survive only for S ∈ [0.172, 0.176]!

• Suggests a unique S for an infinite-life-time ferdinon?
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